Characterizing the structure of A 
when the ratio |2t4|/|^4| is bounded by 3 + e 



Renling Jin 
Department of Mathematics 
College of Charleston 
Charleston, SC 29424 
j inrOcof c . edu 



Abstract 



Let N be the set all of non-negative integers, let A C N be a finite set, and let 2 A be the 
set of all numbers of form a + b for each a and b in A. In |Frlj the arithmetic structure 
of A was accurately characterized when (i) \2A\ ^ 3\A\ — 4, (ii) \2A\ = 3\A\ — 3, or 
(iii) \2A\ = 3\A\ — 2. It is also suggested in |Frlj that for characterizing the arithmetic 
structure of A when \2A\ ^ 3\A\ — I, analytic methods need to be used. However, the 
interesting and more general results in jFrlj . which use analytic methods, no longer give 
the arithmetic structure of A as precise as the results mentioned above. In this paper 
we characterize, with the help of nonstandard analysis, the arithmetic structure of A 
along the same lines as Freiman's results mentioned above when \2A\ — 3\A\ —3 + 6, 
where b is positive but not too large. Precisely, we prove that there is a real number 
e > and there is a K e N such that if \A\ > K and \2A\ = 3\A\ -3 + b for < b < e\A\, 
then A is either a subset of an arithmetic progression of length at most 2| A\ — 1 + 2b or 
a subset of a bi-arithmetic progression 1 of length at most \A\ + b. 



Mathematics Subject Classification 2000 Primary 11B05, 11B13, 11U10, 03H15 
Keywords: inverse problem, Freiman's theorem, additive number theory, nonstandard analysis 
The author was supported in part by the NSF grant DMS-#0070407 when he wrote the first draft of 
this paper two years ago. 

1 See the definition in the beginning of Introduction. 



Contents 



1 Introduction 



2 General Lemmas 



3 First Step: When j4| is significantly less than \. 



12 



4 Second Step: When W is almost jr. 



29 



5 A Corollary for Upper Asymptotic Density 



63 



6 Comments and a Conjecture 



64 



A Appendix 



65 



1 Introduction 

Inverse problems study the structural properties of the sets Ai when the sum of the sets 
Y^i=i A% = {Yli=i a i '■ a i e Ai} satisfies certain conditions. When Ai = A for every i, 
we write nA for Y^i=i ^i- Note that the term nA should not be confused with the term 
n * A = {an : a S A}, which will also be used later in this paper. For a number x we write 
x ± A for the set {x} ± A and write A ± x for the set A ± {x}. G. A. Freiman and many 
others have studied inverse problems for the addition of finite sets and have obtained many 
results showing that if A + B is small relative to the size of A and the size of B, then A 
and B must have some arithmetic structure (cf. |JN al [DLY ). In this paper we consider 
the addition of two copies of the same finite set A of natural numbers. Let a,d,k G N 
with d, k ^ 1. A set of the form {a, a + d,a + 2d, . . . , a + (k — l)d} is called an arithmetic 
progression of length k with difference d. A set of the form I U J is called a hi- arithmetic 
progression of length k with difference d if both / and J are arithmetic progressions of 
difference d, \I\ + \J\ = k, and I + I, I + J, J + J are pairwise disjoint. We will write a. p. 
and as an abbreviation for "arithmetic progression" and "bi-arithmetic progression", 
respectively. For two integers m, n the term [m, n] represents exclusively the interval of 
integers. For a set of integers A, we write A[m, n] for the set A n [m, n] and A(m, n) for the 
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number |A[m, n]\. The reader needs to be able to distinguish 2A{a, b), which is 2 times the 
number A(a, b), from (2 A) (a, b), which is the number of elements in the set (2^4) n [a, b]. 

Suppose \A\ = k. It is well known that if \2A\ = 2k — 1, then A must be an a. p. 
Note that it is always true that \2A\ ^ 2k — 1. In jFrlj Freiman obtained the interesting 
generalizations of these facts by showing that 

(1) if k > 3 and \2A\ = 2k — 1 + b < 3k — 3, then A is a subset of an a. p. of length at 
most k + b; 

(2) if k > 6 and \2A\ = 3k — 3, then either A is a subset of an a. p. of length at most 
2k — 1 or A is a 6. p. 

In jFrlj the structure of A was also characterized when \A\ > 10 and \2A\ = 3k — 2. 
The proof of the 3k — 3 theorem above in jFrlj was not short while the proof of the 3k — 2 
theorem was omitted there because, commented by Freiman, it was too tedious 2 . There 
has been no further accurate characterization, until now, of the structure of A when, for 
example, \2A\ = 3k — 1. In fact, Freiman made the following conjecture a few years ago in 
[Fr2] , 

Conjecture 1.1 (G. A. Freiman) There exists a natural number K such that for any 
finite set of natural numbers A with \A\ = k > K and \2A\ = 3k — 3 + b for ^ b < ^k — 2, 
A is either a subset of an a.p. of length at most 2k — 1 + 2b or a subset of a b.p. of length 
at most k + b. 

Note that Conjecture 11.11 is clearly false if b = ^k — 2 as shown in the following easy 
example. 

Example 1.2 Suppose k = 3a and c > 2k. Let A = [0, a — 1] U [c, c + a — 1] U [2c, 2c + a — 1]. 
Then \A\ = k and \2A\ = 3\A\ — 3 + ^k — 2. But A is neither a subset of an a.p. of length 
2k — 1 + 2(^k — 2) nor a subset of a b.p. of length k + (^k — 2). 

It is easy to prove Freiman's conjecture if one adds an extra condition that the set A is 
a subset of a b.p. We prove this in Theorem 11.31 as a simple consequence of Theorem IA.3I 

Let A and B be two subsets of two torsion-free groups, respectively. A bijection <p : 
A ^ B is called a F2-isomorphism i if for all a±, 02, ^3, «4 £ A, a\ + 02 = 03 + 04 if and only 
if (f){ai) + 4>{a 2 ) = 4>(as) + </>(a 4 ). A set 

P = P(xo; x\, X2; b\, 62) = {^0 + ix\ + 3x2 : ^ i < b\ and ^ j < 62} 

2 The conclusion of Freiman's 3fc — 2 Theorem in |Frl| seems missing at least one case. For example, if 
A = [0, k — 3] U {4fc, 4k + 2}, then \2A\ = 3k — 2. This case of A was not covered by the theorem. 
3 F is the initial of Freiman. 
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with b\ ^ 62 > is called a F2-progression if the map (ft : [0, b\ — 1] x [0, 62 — 1] l— > P with 
4>(i,j) = xq + zxi + JX2 is a i^-isomorphism. P is called to have rank 2 if 62 > 1 and rank 
1 if 62 = 1. 

Theorem 1.3 Suppose A is a subset of a b.p. I U J such that \A\ = k > 10 and both An I 
and An J are non-empty. If \2A\ = 3k — 3 + b for ^ b < \k — 2, then I and J can be 
chosen so that \I\ + [ J\ ^ k + b. 

Proof: Without loss of generality we can assume that I U J has the shortest length. 
Clearly, / U J is F2-isomorphic to the set 

M = {(0, 0), (1, 0), ... , (h - 1, 0)} U {(0, 1), (1, 1), ... , (l 2 - 1, 1)} (I) 

in Z 2 where l\ is the length of / and I2 is the length of J. Let (f) be the i^-isomorphism 
from IU J to M. Then |<£pl)| = k and |2^»(A)| = |2A| = 2,\A\ = 3k - 3 + b < fk - 5. By 
Theorem IA.3I we have that h + fa ^ k + b. Hence A is a subset of a b.p. of length at most 
k + b. □ (Theorem Ol 

It is worth to mention another interesting generalization of Freiman's 3k — 3 Theorem 
in |HP| . where the condition \2A\ = 3k — 3 is replaced by \A + t * A\ = 3k — 3 for an 
integer t. The most interesting case of this generalization is when t = — 1. However, this 
generalization does not concern the case when \2A\ = 3k — 3 + b with b > 0. Recently, we 
developed some ideas with the help of nonstandard analysis in the research of the inverse 
problem for upper asymptotic density |.7i2| and found that these ideas can be applied to 
the case when \2A\ = 3k — 3 + b with some relatively small b > 0. The following is the main 
result of this paper. 

Theorem 1.4 There exists a positive real number e and a natural number K such that for 
every finite set of natural numbers A with \A\ = k, if k > K and \2A\ = 3k — 3 + b for 
^ b ^ ek, then A is either a subset of an a.p. of length at most 2k — 1 + 2b or a subset of 
a b.p. of length at most k + b. 

Theorem 11.41 gives an affirmative answer to Conjecture 11.11 when 0^6^ e \A\. Note 
that we have a new result even when 6 = 2. Note also that the upper bound 2k — 1 + 2b of 
the length of the a.p. and the upper bound k + b of the length of the b.p. in Theorem 11.41 
are optimal as shown in the following two easy examples. 
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Example 1.5 For k > 15 let A = [0,k - 3] U {k + W,2k + 20}. Then \A\ = k and 
\2A\ = 3k — 3 + 11. The shortest a. p. containing A has length 2k — 1 + 2 x 11 and yl is not 
a subset of a b.p. of length k + 11. 

Example 1.6 For k > U let A = [0,k - 3] U {3/c,3/c + 12}. Then \A\ = k and \2A\ = 
3k — 3 + 11. The shortest b.p. containing A has length k + 11 and A is not a subset of an 
a.p. of length 2k — 1 + 2 X 11. 

The proofs in this paper use methods from nonstandard analysis. The reader is assumed 
to have some basic knowledge of nonstandard analysis such as the existence of infinitesimals, 
differences among standard sets, internal sets, and external sets, the transfer principle, 
countable saturation, etc. For details we recommend the reader to consult [O], |Hej . |.lilj . 
or other introductory nonstandard analysis textbooks. 

Notations involved in nonstandard methods need to be introduced. Some of these nota- 
tions may not be common in other literature. We work within a fixed countably saturated 
nonstandard universe *V . For each standard set A C N, we write *A for the nonstandard 
version of A in *V. For example, *N is the set of all natural numbers in *V, and if A is the 
set of all even numbers in N, then *A is the set of all even numbers in *N. If we do not 
specify that A, B, C, . . . are sets of standard natural numbers, then they are always assumed 
to be internal subsets of *N. The lower case letters are used for integers. The integers in 
*N \ N are called hyperfinite integers. From now on, the letters H and N are exclusively 
reserved for hyperfinite integers. The Greek letters a, (3, 7, 5, and e are reserved exclusively 
for standard real numbers. 

For the convenience of handling nonstandard arguments, we introduce some notations 
of comparison (quasi-order) . For real numbers r,s in *V, by r ~ s we mean that r — s 
is an infinitesimal, i.e. the absolute value of r — s is less than any standard positive real 
numbers; by r < s (r > s) we mean r < s (r > s) and r 96 s; by r ;$ s (r <J s) we 
mean r < s (r > s) or r ~ s. Given a hyperfinite integer H and two real numbers r, s, by 
r ~# s we mean rs 0; by r -<h s (r >-h s) we mean r < s (r > s) and r <^h s; by 
r s (r s) we mean r -<jj s (r yjj s) or r ~# s. It is often said that a quantity a is 
insignificant with respect to H if a ~# 0. When using ~, -<, X, etc. insignificant quantities 
can often be neglected. For example, instead of writing A(0, H) ~h a{H -\- 1), we can write 
its equivalent form A(0, H) ~# aH. For another example, when a ^ c ^ 6, we often write 
i4(o,c) ~h A(a, b) + A(6,c) instead of A(a,c) = A(a,b) + A(b + l,c). We will omit the 
subscript H when it is clearly given. For a real number r £ *R bounded by a standard 
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real number, let st(r), the standard part ofr, be the unique standard real number a such 
that r ~ a. Note that ~, -C, J$, -<//, and are external relations. If A C [0,H] 
is a hyperfinite set with a = minyl and 6 = max A, then A is said to be full (in /) if yl 
is a subset of an a. p. I such that \A\ ~ I(a,b). We say that /I is /uZZ m a b.p. Iq U Ji if 
/i C / U /i and [A| ~ Io(Io,uq) + Ii(h,ui) where Ui = max^npj) and k = min(Af] Ij) for 
i = 0, 1. Note that if A C [0, H] be a subset of an a. p. I and 7 ~ 0, then A is always full. 
We always assume that AdIq and Ar\I\ are non-empty when we say that A is a subset of 
the b.p. J Uii. 

In order to apply nonstandard methods, we need to translate Theorem 11.41 into the 
following nonstandard version of it. Then we proof the nonstandard version in the rest of 
the paper. 

Theorem 1.7 Let H be a hyperfinite integer and A C [0, H] be an internal set. Suppose 
= mm A, H = max A, \A\ y 0, gcd(A) = 1, and \2A\ = 3\A\ - 3 + b for < b ~ 0. T/ien 
either H + 1 ^ 2[A| — 1 + 26 or/i is a subset of a b.p. o/ length at most \A\ + 6. 

Proof of Theorem 11.41 from Theorem 11.71 Suppose Theorem 11.41 is not true. Then 
for efc = r and -fT^ = for each k G N, there is a finite set vl^ C [0, %] satisfying the 
following: = minylfc, hk = max/lfc, \Ak\ > k, gcd(Afc) = 1, \2Ak\ = 3\Ak\ — 3 + bk for 
^ bk ^ tt, /ifc + 1 > 2\Ak \ — 1 + 26^, and is not a subset of a 6. p. of length at most 
\A k \ + b k . 

Let K be a hyperfinite integer and let A = Ak be the term in the internal sequence 
(Ak ■ k € Then we have the following: = min^l, H = hx = max^4, |A| > K, 

gcd(vl) = 1, \2A\ = 3\A\ - 3 + b for some 6 ^ with 4r < £ 0, # + 1 > 2A; - 1 + 26, 
and yl is not a subset of a 6. p. of length at most \A\ + 6. If in addition we have ^ 3> 0, 
then the set /I contradicts Theorem 11.71 Hence it suffices to prove ^ S> or equivalently 
1-41 ^ 0. 

Suppose |yl| ~ 0. By Theorem IA.5I the set A is a subset of a i^-sequence P = 
P(xq; xx, x%\ bi, 62) such that j^j 3> 0. If P has rank 1, then P is an a.p. Since gcd(A) = 1, 
then [0, H] C P. This contradicts ~ 0. Hence we can assume that P has rank 2. Let 
: P 1— s- [0, 61 — 1] x [0, 62 — 1] be a P2-isomorphism and B = 4>{A). Then B is not a subset 
of a straight line. Since B is a P2-isomorphic image of A, we have |2P| = \2A\. Hence by 
Theorem IA.3| B is P2-isomorphic to a subset of M in |IJ) such that l\ + I2 ^ \B\ +b. This 
shows that /I is a subset of a 6. p. of length at most \A\ + 6, which contradicts the assumption 
that A is not a subset of a 6. p. of length at most \A\ + 6. □ (Theorem 11.4(1 
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The approach of eliminating the possibility of \A\ ~ in the proof above is from |Boj . 
In fact the same approach can be used to prove that there exists a small positive number 5 
such that Coniecture ll.ll is true when an extra condition |^4| < 5(max A — min^4) is added. 
It is possible but much more tedious to prove \A\ >~ in the proof above directly without 
citing Theorem IA.5I 

We prove Theorem 11.71 in the next several sections. The proof is done in two steps. In 
the first step we deal with the case when A C [0, H] contains significantly less than half of 
the elements in [0, H\. In the second step we deal with the case when A C [0,H] contains 
roughly half of the elements in [0,-0]. The main theorem in each step is preceded by a list 
of lemmas, which prove the theorem under various circumstances. Before these two steps 
we present a list of general lemmas. For convenience we include some existing theorems 
in Appendix for quick references. In this paper, theorems, lemmas, cases, and claims are 
numbered in such a way that the reader should be able to see how they are nested. 

2 General Lemmas 

In this section we state some lemmas from the author's previous papers without proof and 
state some other new lemmas with proof. The first lemma in this section will play an 
important role in the proof of Theorem ll.7l It uses a concept called cut from nonstandard 
analysis. 

An infinite initial segment U of *N is called a cut if U + U C U. Clearly U = N and 
U = *N are cuts. A cut U ^ *N is external because it has no maximum element. For 
example, N is external. For a hyperfmite integer H, the set 

U H =f] [0, [H/n]} (II) 

neN 

is an external cut. We often write x > U for x € *N \ U and write x < U for x 6 XJ. Note 
that if x < U and y > U, then ~ w 0. 

Let U be a cut. A b.p. B = I U J is called a V -unbounded b.p. if both I CiU and J n U 
are upper unbounded in U. Note that a L^-unbounded b.p. always has the difference greater 
than 2. 

Suppose U is a cut. Given a function / : U *— > *R (not necessarily internal) bounded by 
a standard real number, the lower U -density of / is defined by 

djj(f) = sup{inf{st(/(n)) : n <E U \ [0,m]} :m£U}. 
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Given a set A C [0, H], let = 4?+r^ ^ or eac h x e IPj H\- The /ou>er U -density of ^4 is 

defined by 

d v {A) = d u (f A ). 

For any i£ *N, we define the lower (x + U) -density and Zower (x — U)-density of A by 

4 +[7 (A) = d c/ ((A-x)n *N) 

and 

d x -i/(A) = d t/ ((x-A)n *N). 

Remark 2.1 (%) For any iCN, d(A) = d N (*A), where d{A) = liminf^-oo A( - ^~V is the 
standard definition of the lower asymptotic density of A. 

(2) It is easy to check that for each a G U , 

d u {A + a) = d u {A) 

and 

(3) Let H be hyperfinite and A C [0,iT]. If djj(A) > 7, then there exist x £ U and 
y G [0, H] \ J7 skc/i i/iaf /or any x ^ z ^ y, > 7. Clearly one can find a x £ U such 
that for every z ^ x in U, A< f^i > 7- Now the set of all z G [x, H] such that ^jjffi > 7 
is internal and contains all elements in U H [x,H], hence contains all elements in [x,y] for 
some y > U. 

(4) If du(A) = a, then there is a x G U such that for every y G U with y > x, one has 
~ ct. This can be proven by first choosing a x n G U for each n G N such that for all 

z x n in U , > ex — i and f/ien choosing a x G £/ snc/i cc ^ x n for every n G N. 

T/ie element x exists because, by countable saturation, the cofinality of U is uncountable, 
i.e. any countable increasing sequence in U is upper bounded in U. 

(5) If djj{A) > n, then there exists an a G U such that A(0, a — 1) = and A(a,c) > 
|(a — c + 1) for every c G U with c ^ a. is a by-product we have a, a + 1 G A and 
A(a, a + 3) ^ 3. T/ie existence of a is guaranteed by djj(A) > |. 



From now on, the only cut we need is Uh defined by (|TT|) for a given H . Hence when H 
is clearly given, the letter U always represents the cut Uh- Note that with H fixed we have 
that x < U iff x ~ or equivalently x > £7 iff x >- 0. 

The first lemma of this section bellow is |Ji21 Lemma 2.12]. 
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Lemma 2.2 Let H be hyperfinite, U = Uh, and A C *N be such that < djj(A) = a < |. 
If AnU is neither a subset of an a. p. of difference greater than 1 nor a subset of a U- 
unbounded b.p., then there is a 7 > such that for every N > U, there is a K E A \ U 
with K < N such that 

(2A)(0,2K) ^3 A(0,K) 
2K + 1 ' 2 K + l 

The following is |Ji21 Lemma 2.4]. 

Lemma 2.3 Let A C [0,1?]. Suppose 0,H £ A. If ^ x\ ~< X2 ^ H satisfy the following 

(1) (2A)(2xi,2x 2 ) y 3A(xi,x 2 ), 

(2) if -< x\, then gcd(j4[0, x]) = 1 and A(0, x) ^ ^(x + 1) /or some x ~ xi in A, 

f' 5j if X2 -< H, then gcd(^4[x, H] — x) = 1 and ^4(x, H) H ^ (H — x + 1) /or some x ~ X2 
in A, 

then \2A\ y 3\A\. 

Lemma 2.4 Let A C [0, H]. Suppose 0,H £ A, \A\ ~ |, £^(^4) = i, i/iere is an a y in 
j4 suc/i t/iai gcd(j4[a, H] — a) = 1, and for every N y i/iere is a K £ A with ~< K ^ N 
such that \III\) is true. Then \2A\ y 3\A\. 

Proof: Let < e < 1 be such that for any N y there is a K 6 A with -< ^ AT such 
that 

(2A)(0,2K) (3 + e)4(0, if) 
2K + 1 > 2{K + l) 

Let <5 > be such that 5 < | and let y 6 ^4 be such that y y 0, y ^ a, A(0, y) ^ (5— <5)(y+l), 
and (2A)(0,2y) > (3 + eL4(0,y). 

If A(y,H) H ^(H — y), then the lemma follows from Lemma 12.31 and Theorem IA.11 
So we can assume A(y,H) y ^(U — y). By Theorem IA.4I we have \A[y, H] + A[y,H]\ y 
H - y + A(y,H). Hence 

\2A\y(2A)(0,2y) + \A[y,H] + A[y,H}\ 
h (3 + e)A(0,y)+H-y + A(y,H) 
h 3A(0, y) + eA(0, y) + 2\A\ -y + A(y, H) 
y_3\A\ + eA(0,y) + 2A{0,y)-y 
y3\A\ + (e + 2)(^-5)y-y 
y 3\A\ + (| - eS - 26)y 
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= 3\A\. 

□ (Lemma E3J) 

It is worth to mention here that Lemma 12.21 Lemma 12.31 and Lemma 12. 4( combined 
together, will frequently be used to show \2A\ y 3\A\ in various situations. For example, 
if \A\ < and A n U does not have "nice arithmetic structures", then one can find an 
arbitrarily small y y in A such that (2A)(0,2y) y 3.4(0, y). By Lemma 12.31 or Lemma 
12.41 one needs only to make sure that A[x, H] is not a subset of an a. p. of difference > 1 for 
some x y in order to conclude that \2A\ y 3\A\. 

The next lemma is trivial and will be frequently referred as the pigeonhole principle. 

Lemma 2.5 Let d ^ 1. Suppose a, b G [0, d - 1], A C a + (d * *N), B C 6 + (d * *N), 
x G a + (d * *N), y G 6 + (d * *N), and t G (d * *N). 1/ A(x, x + t) + A(y - t, y) > | + 1, 
tfien x + y £ (2A). 

For convenience we give a name for each of the following two sets with special structural 
properties. Let a -< 6 in [0, H\ . A set -F C [a,b] is called a forward triangle from a to b if 
|-F| ~ ^(6 — a) and for every x with a -< x -< b, F(a,x) y ^(x — a). A set 2? C [a,b] is 
called a backward triangle from a to 6 if the set {b + a) — B is a forward triangle from a to 
6. By the symmetry of the forward triangle and the backward triangle, we often prove a 
result about forward (backward) triangle and assume the symmetric result about backward 
(forward) triangle without proof. 

Note that if F is a forward triangle from a to b, then there is a z ~ a such that z, z+1 G A 
and A(z, z + 3) ^3. The number 2 can be obtained by letting z — 1 be the greatest number 
in a + U such that A(a, z — 1) ^ |(z — a). 

Lemma 2.6 Let A C [0, id] 6e suc/i i/tcd 0,id G vl and -< |A| ^ lid. Lei < a ^ ~ and 
-< x -< H. 

(1) If A(0,x) H ax and |A| ^ aid, £/ien there exists ay y x such that A(0,y) ~ ay and 
either y ~ H or for any z y y in [0, H\, A(0, z) y az. 

(2) 1/4(0, x) y \x, then there are 0^y^,x^y'^H such that 4(0, y) ~ \y and 
A[y, y'\ is a forward triangle. 

(3) If djj(A) > g j then there is a y y such that A[0,y] is a forward triangle. 

(4) If djj(A) < \ and \A\ ~ \H , then there are ^ y -< y' < id such that A(y',H) ~ 
\{H — y') and A[y, y'] is a backward triangle. 
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Proof: (1) Let 

= sup{st( Z ) : z € [0, H] and ^4(0, z) ^ az}, 
ii + 1 

where si is the standard part map. By the completeness of the standard real line, (3 is well 
defined. Let y € [0, H] be such that -g^-j- pa (3. Clearly y y x. 

It is easy to see that if y -< H , then ^4(0, z) y az for any y ~< z ^ H by the supremality 
of j3. It is also easy to see that both A(0, y) y ay and A(Q, y) -< ay are impossible by the 
fact that (3 is the least upper bound. 

(2) By the same idea as in (1) we can find y' y x such that ^4(0, y') ~ \y' and A(0, z) y 
r;Z for any x ^ z -< y' . Let ^ y -< x be such that ^4(0, y) ~ \y and A(0, z) y ^z for any 
y -< z ^ x. It is easy to see that A(y, y') is a forward triangle. 

(3) By the definition of djj and (1) above there exists y y such that A(0,y) ~ \y and 
A(0, z) y \z for every -< z -< y. Clearly A[0, y] is a forward triangle. 

(4) Choose a x y such that ,4(0, x) -< Hence ,4(x,if) >- ±(H - x). Now the 
conclusion follows from (2) above with the order of [0, H] reversed. Df Lemma 12 .6|) 

The following lemma in nonstandard analysis, which is already used in (3) of Remark 
12.11 will be frequently- sometimes implicitly-used. 

Lemma 2.7 Let X C *N be a proper external initial segment of non-negative integers and 
let A C *N be an internal set. (a) If A n X is upper unbounded in X, then A \ X ^ 0. (b) 
If A \ X is lower unbounded in *N \ X, then A (1 X ^ 

Proof: If (a) of the lemma is not true, then 

X = {v £ *N : (3x € A) (v < x)}, 

which means that X is internal. The proof of (b) is similar. □(Lemma 12.7(1 

Lemma 2.8 Suppose a -< b in [0,H]. 

(1) If T is a forward triangle from a to b, then [a',b'] C (2T) for some a' ~ 2a and 
b' ~ a + b. 

(2) If B is a backward triangle from a to b, then [a' ', b'] C (2B) for some a' ~ a + b and 
b' ~ 26. 

Proof: Given each x with a -< x -< b, since T(a,x) >- \(x — a), then by the pigeonhole 
principle, T[a, x] n (x + a — T[a, x]) 7^ 0. This implies x + a G (2T). Since 2T is an internal 
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set, then by Lemma 12 . 71 there are a' ~ 2a and b' ~ a + b such that [o', 6'] C (2T). The proof 
of the second part follows from the symmetry. □ (Lemma 12. 8[) 

The following is |Ji21 Lemma 2.5] 

Lemma 2.9 Let A C [0, H] for a hyperfinite integer H . If A[0, a] is a forward triangle from 
to a and (2A)(a, c) ~ for some -< a -< c, then there is a b ~ | suc/i f/iai j4[0, a] C [0, b\. 

The following is a technical lemma, which will be used in the next two sections. 

Lemma 2.10 Suppose < a < H, A(0,a) y 0, gcd(A[0, a]) = 1, A[0, a] is a subset 
of a b.p. I Ll J of difference d ^ 3, A[0, a + 1] is not a subset of a b.p. of difference d, 
\2A\ ~ 3|A|, and |A[a + 1,H] + A[a + l,iT]| ~ 3A(a + l,iT). T/ien A[0,a] is full in I (J J 
and max(j4 n I) ~ m&x(A D J) ~ a. 

Proof: Let Aq = A[0,a] fl /, A\ = A[0,a] PiJ,k = minAj, and U{ = max Ai for i = 0,1. 
Since 

\2A\ y |2A ] + 12^1 + |A + Ai| + |A[a + l,i7] -i- A[a + l,i^]| 
y 3\A \ +3\Ai\ +3A(a + 1,H) ~ 3|A|, 

then 1 2^4 1 ~ 3 1 ^4 1 implies that \2Ai\ ~ 2\Ai\ for i = 0, 1. Hence by Theorem I A. II we have 
that Aq is full in / and A± is full in J. 

Without loss of generality we assume u < u\. If u\ -< a, then 

\2A\ y 3A(0,a) +3A(a + l,H) + \a + 1 + A[2u x - a,u x ]\ y 3\A\. 

If u\ ~ a and no -< a, then 

|2A| >r3A(0,a)+3A(a + l,^) + |a + l + Ai[2it -a,a]| ^ 3|A| 

because (a + 1 + A x [2uo — a, a]) fl (A[0, a] + A[0, a]) =0. Hence we have Uj ~ a for i = 0, 1. 
□ fLemma l2~TU|) 

3 First Step: When ^ is significantly less than |. 

In this section we always assume that H is a hyperfinite integer, A C [0, H], 0, iT G A, and 
gcd(^4) = 1. We will prove Theorem II . 71 under one extra condition 

\A\ -< l -H. (IV) 



12 



We will prove that if \2A\ ~ 3\A\ and ()1V[) is true, then A must be a subset of a b. p., which, 
by Theorem 11.31 implies Theorem 11.71 In this section the condition \2A\ = 3\A\ —3 + 6 
is not explicitly used. Hence the letter b is not reserved. In order to make the lemmas in 
this section available for the other sections, we will not automatically assume (|IV|) . The 
condition (|IV|) will be explicitly stated when it is needed. 

We will first prove various versions of the main theorem of the section as lemmas when 
some additional structural properties of A are assumed. After all needed versions are proven 
we combine them into the main theorem. 

Lemma 3.1 If there are 0~<a<b~<HinA such that A = T U P where T = A[0, a] is a 
forward triangle from to a and P = A[b, H] is a subset of an a. p. of difference d > 1 with 
\P\ y 0, then either A is a subset of a b.p. of difference 3 or \2A\ y 3\A\. 

Proof: Let P be a subset of an a. p. I of difference d > 1 such that b € P is the least 
element of /, and H € P is the largest element of /. Suppose T is not a subset of a b.p. of 
difference 3. Since T is a forward triangle, there exist z,z + 1gAdU such that for every 
x with z ^ x -< a, 

T(z,x) 1 
x-z + 1 2 

Without loss of generality (except in Case 13.11 1.2') we can assume z = 0. Under this 
assumption we have 0, 1 G A and ^4(0, 3) 3. 

Claim IXTll If P is not full in J, then (T + P)(b, H) y 2\P\. 

Proof of Claim l3~Tl l: Since P is not full, then |i" \ P\ y 0. Let I be the collection of 
all intervals [x, y] C [6, H] such that y — x ^ 2d — 2, [x, y] fl P = 0, and x — 1, y + 1 G P. 
Then 

J\P= |J ([x-l + d,y + l-d]n/). 

Hence 

|/nP|= Yl \(y-x + 2-d) 

{x,y]El 

[x,y]£T [x,y]el [x,y]£T 

If there is an interval [x, y] G X such that y — x ^ |, then 

(P + T)(b,H) 
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y |P| + |l + P| + |(x-l + T)(x + l,y)| 

t 2\P\+T(2,y - x + l) 

y 2\P\ + min{[T| - 2, -(y - x + 2) - 2} 

y 2\P\ + ^ay 2\P\. 

So we can assume y — x < % for every [x, y] € I. Since for each interval [x, y] € X, we have 

(P + T)(x + l,y) ^ \x-l + T[2,y-x + l}\ 
= T(2,y-x + l) >^(y-x + 2)-2 

1 , . 1 

= 2 (y - X_1) -2- 

Hence (P + T)(x + 1, y) ^ — x — 1) because the left-side is an integer. So 

(P + T)(b,H) 

h\P\ + \l + P\+ {P + T)(x + l,y) 

[x,y]£l 



|p| + |i + p|+ Y, l(v-*-i) 



y 

, ^ 2 
t2|P| + ~|I\P|^2|P|. 

□ (Claim Ol) 

By the claim above we can assume that P is full in / because otherwise 

\2A\ y a +(P + T)(b, H) + \H + A\y 2\T\ + 2\P\ + \A\ = 3\A\. 

Next we divide the proof of the lemma into three cases with d = 2, d = 3, and d ^ 4. 
CaseETTll d = 2. 

Let c -< H in P be such that P - c < §. Then 

|2A| >r a + |{0, 1} + P| + (P + T)(P, c + a) 

+(c + P)(c + 6, P + 6) + (P + P)(P + 6, 2P) 
~ 2[T| + 2|P| + T(0, c + a- H) + ^(H -c) + \P\ 
y 3\T\ + 3|P| = 3|A| 

because T(c + a -P + l, a) -< \{H - c). □(Case01) 
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Case 13.11 2 d = 3. Let A be the original set with z, z + 1 E An U . If A is a subset of 
a 6. p. of difference 3, then the lemma is trivially true. Suppose A is not a subset of a b.p. 
of difference 3. Let c = min{x E A : x = z + 2 (mod 3)}. Note that either c E T or c = 6. 

Suppose c >- 0. Let b ^ x -< H be such that x € A and H — x < c. Note that 
A[0,c-1] C (z + (3* *N))U(z + l + (3* *N)) and + c C 6 + z + 2 + (3 * *N). Hence 

(A[ar, H]+c)D(H + A[0, c - 1]) = 0. So we have 

|2A| >r a + 2|P| + |iT+ A| + |c + A[x,H - 1]| 
~ 2|T| +2|P| + |A| + A(x, H) y 3|A|. 

Suppose c ~ 0. Then 

|2A| >- a +|{z,z + l,c} + P| + |^ + A| ~ 3|A| + |P| >- 3[A|. 

□ (CaseE3j2) 

Case H33 d > 4. 

Since T(0, 3) ^ 3, then 

|2A| >r a + |T[0, 3] + P| + |# + A| ~ 3|A| + |P| >- 3|A|. 
This ends the proof of Lemma 13, II □ (Lemma 13. 1|) 

Lemma 3.2 Suppose there are -< a < b -< H such that A = F U B, where F is a 
forward triangle from to a and B is a backward triangle from b to H. If |2A| ~ 3|A|, then 
a = maxP ~ § and b = mini? ~ jjp- Hence F is full in [0, a] and B is full in [6, H\. So 
A is a full subset of the b.p. [0, a] U [b, H] of difference 1. 

Proof: Suppose b = min B ~ b. Let -< x -< min{a, ^}. Then by Lemma l2~Hl 

|2A| h a+ \b + F[0,x]\ +B(b + x,H) 
+ \H + F\ + \[H + b,2H}\ 
~ 2\F\ +F(0,x) +B(b + x,H) + |P| + 2|P| 
y 3|P| + i(x + 1) + B(b + x, H) + 2|P| 
>- 3|P| +2|P| + B(b,H) ~ 3|A|. 

Hence we can assume that by b. But this implies 

|2A| y a + (2A)(a, 6) + A(6, H) + \H + F\ + \[H + b, 2H] \ 

~ 2|P| + (2A)(a,6) + |P| + |P| + 2|P| ~ 3|A| + (2A)(a,6). 
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Hence \2A\ ~ 3|yl| implies (2A)(a, b) ~ 0. By Theorem 12.91 a ~ |. By a symmetric 
argument, we can also show that b ~ ^p- □ (Lemma 13.2(1 

Lemma 3.3 Suppose there are ~< a < b ~< H such that A = F U C ; where F C [0, a] 
is a forward triangle from to a and C C [6, il] u>ii/i b £ C, \C\ < ^(H — 6+1), and 
gcd(C - 6) = 1. T/ien \2A\ y 3\A\. 

Proof: First we assume that there is an x G C such that -< x — b < |. Then 

|24| ha + \b + F[0,x- b}\ 

+ \x + F[0,a + b-x}\ + |C[6,fi] +C[b,H}\ 
t 2\F\ + F(0, x - b) + F(0, a + b-x)+ 3|C| 
>- 2[F[ + 3|C| + F(a + b- x,a) + F(0, a + b-x) 
~ 3|F[ +3|C| = 3|A|. 

If the assumption above is not true, let x = min{z GC:z^o + |} and y = max{z G C : 
z < b + f }. Then y ~ 6, (2C)(26, 6 + x) ~ 0, and (2C)(26, 2/7) ~ (2C)(6 + x, 2#). Hence 

|24| ^ a + |b + F[0, x - b]\ + | a; + F\ + (2C)(6 + x, 2F) 

>r 3|F| + F(0,x-6) + 3|C| ~ 3\A\ + F(0, x - b) y 3\A\. 

This ends the proof. □ (Lemma I3.3() 

Lemma 3.4 Suppose there are 0~<a<b~<c~<H such that A = F U B U C , where F is a 
forward triangle from to a, B is a backward triangle from b to c, and C C [c+ 1,H] with 
\C\ r< |(#-c). Then \2A\ y 3\A\. 

Proof: Without loss of generality we can assume c, c — 1 G B. By Lemma l2.3l we have that 
\A[0,c] +A[0,c]\ y 3A(0, c) implies \2A\ y 3\A\. So we can now assume \A[0,c] +A[0,c]\ ~ 
3^4(0, c). Let a = maxF and b = mini?. By Lemma l3~2| we have a ~ |, b ~ i 7 is full 
in [0, a], and is full in [6, c]. 

Case 13.41 1 There is a x G C with x >- c such that C(c, x) ~ 0. 
We have 

\2A\ y 3\F\+3\B\ + [x + £[2c-x,c]| 

+|({c - 1, c} U C[x, id]) + ({c - 1, c} U C[x, H})\ 
t 3\F\ + 3|5| + B(2c -x,c) + 3\{c - 1, c} U C[x, 
~ 3|F| + 3|J3| + 3|C| + B(2c -x,c)y 3\A\. 
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□ (Case Ell) 

Case I3.4L 2 For every x G C, if x y c, then C(c, x) y 0. 

The assumption implies that for every y y c, there is a x G C with c -< x -< y. Let 
x G C be such that -< x — c < a. Then 

|2A| h a + 5(6, c) + |c + F[0, x - c] | + |x + F[0, a] \ 

+\[c + 6, 2c] | + |({c - l,c} UC) + ({c - 1, c} U C)| 
>: 2\F\ + |£| + F(0, x-c) + \F\ + 2\B\ + 3|C| >- 3|A|. 

This ends the proof. □ (Lemma E3J 

Lemma 3.5 Suppose there is an a with -< a -< H such that F = ^4[0, a] is a forward 
triangle from to a and A(a, H) -< \{H — a). If \2A\ ~ 3\A\, then A is a full subset of a 
b.p. of difference 3 or a full subset of a b.p. of difference 1. 

Proof: Note that if A is a subset of a b.p. then A must be a full subset of that b.p. when 
\2A\ ~ 3\A\. Let 6 = min A[a + 1, if]. If 6 ~ if, then 

|2A| >r a + (2A)(a + 1, fl") + \H + F\ ~ 3|A| + (2A)(a + 1, if). 

Hence (2 A) (a + 1, if) ~ 0. By Lemma 12.91 a = maxF ~ ^(a + 1). This shows 2a -< b and 
a + H -< 2b. Hence [0, a] U [6, ii] is the desired b.p. of difference 1. So we can assume b -< H. 
If A(b, H) ~ 0, then 

|2A| >ra + |6 + A[0,.H'-6]| + |fl' + 4[0,a]| ~ 3|A| + A(0, H - b) >- 3\A\. 

Hence we can assume A(b, H) y 0. 

Suppose A is not a full subset of a b.p. of difference 3. By Lemma 13.11 we can assume 
gcd(A[b,H] - b) = 1. If A(6,JT) r< |(i? - b), then the lemma follows from Lemma EI3 So 
now we can assume that A(b, H) y \{H — b). 

By (2) of Lemma 12.61 there are a<c~<b~<c'^H such that A[c, c'] is a backward 
triangle and A(c',H) ~ \(H - c'). If d -< H, then by Lemma l3~H we have \2A\ y 3\A\. 
Hence we can assume d ~ H. But now A becomes the union of a forward triangle A[0, a] 
and a backward triangle A[c, H\. Now the lemma follows from Lemma 13.21 □ (Lemma 

E3J) 

Lemma 3.6 Suppose there are -< a -< a' -< H such that A(0,a) X |o, A(a',H) ^ 
|(ii — a'), A[a, a'] is a forward triangle from a to a' , and A[a, H] is not a subset of a b.p. 
of difference 3. Then \2A\ y 3\A\. 
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Proof: By Lemma 12.31 we can assume \A[a, H] + A[a, H] \ ~ 3A(a, H). By Lemma 13.51 we 
can assume that A[a, H] is full in a b.p. [a,c] U [d,H] for some c < d in [a, iT]. If c' -< H, 
then the lemma follows from Lemma 13.41 So we can assume d ~ H. Note that c ~ . 
Hence we have 2c ~< a + H. If there is a x -< a in A with x ^ 2c — H such that A(x, a) >- 0, 
then 

|2A| t (2A)(0,2o) + (2A)(2a,2c) 

+(2A)(H + x,H + a) + \H + A[a,c]\ 
y 3A(0, a) + 3A(a, c) + A(x, a) >- 3|A|. 

Otherwise choose x ~< a in A such that A(x, a) ~ 0. Without loss of generality let a, a+ 1 G 
A. Then 

(2A)(0,x + a) ^ |(A[0,x] U {a,a+ 1}) + (A[0,x] U {a,a+ 1})| ^ 3,4(0, x) ~3A(0,a). 
So we have 

\2A\ y (2A)(0,x + a) + |x + A[a, 2a - x}\ 
+(2A)(2a,2c) + \H + A[a,c]\ 
y 3A(0, a) + 3A(o, c) + A(a, 2a - x) y 3|A|. 

□ f Lemma 13.6]) 

Lemma 3.7 Suppose there are -< a -< a' -< H such that A(0, a) ^ \a, A(a', H) < 
\{H — a 1 ), A[a, a'] is a forward triangle from a to a! , and A[a' , H] is not a subset of an a. p. 
of difference 3. Then \2A\ y 3\A\. 

proof: By Lemma 13.61 it suffices to show that A[a, H) is not a subset of a b.p. of difference 
3. If A[a,-H] is a subset of a b.p. of difference 3, then \2A\ ~ 3\A\ implies that A[a, H] is 
a full subset of the b.p. This implies that A[a, a'] is a subset of the union of an a. p. of 
difference 3 of length ~ |(a' — a) and an a.p. of difference 3 of length ~ |(a' — a)-both 
have the left-end points ~ a, and A[a',H] is a full subset of an a.p. of difference 3, which 
contradicts the assumption of the lemma. □ (Lemma 13. 7|) 

Starting from the next lemma to the end of this section, the condition (|lVj) is assumed. 

Lemma 3.8 Assume that \A\ -< and A is neither a subset of an a.p. of difference > 1 
nor a subset of a b.p. Suppose that there is a x y such that A(0,x) y and A[0,x] is a 
subset of an a.p. of difference > 1. Then \2A\ y 3\A\. 
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Proof: Let a = min{y £ A : gcd(yl[0, y\) = 1} and c = maxyl[0, a — 1]. Let d = 
gcd(A[0, c]). Note that d > 1 is a standard natural number because A(0,x) >- 0. 

First, we can assume that a -< H by the following reason: Suppose a ^ H. If there is a 
6 € ^4 such that 6^0 (mod <i) and a (mod d) , then 

\2A\ h \A[0,c]+A[0,c]\ + \a + A[0,c]\ + \b + A[0,c]\ ~ 4\A\. 

If for any b € A, b = (mod d) or b = a (mod d), then ^4 is a subset of a b.p. unless d = 2. 
Assume d = 2. Hence ^4[0,c] is a set of even numbers and a is odd. If 74[a,-£f] is a set of 
odd numbers, then A = A[0, c] U A[a, H] is a subset of a 6. p. So we can assume that there 
is an even number b € A with b > a. Clearly b ~ H. Let ^4 e be the set of all even number 
in A. Then 

\2A\ y \2A e \ + \a + A e \y 3\A e \ ~ 3\A\. 

Hence if \2A\ ~ 3\A\, then \2A e \ ~ 2\A e \. By Theorem [Q and the fact that b ^ H the set 
^4 e is full in the set of all even numbers in [0,iJ], which contradicts (|IV|) . 

Second, we can assume that A(a, H) >- by the following reason: Suppose A(a, H) ~ 0. 
If \A[0,c] +A[0,c]\ y 2A(0,c), then 

\2A\ y \A[0,c] +A[0,c] \ + \a + A[0,c]\ y 3\A\. 

So we can assume \A[0,c] +A[0,c]\ ~ 2,4(0, c). By Theorem lA~T1 A [0. c] is full. This implies 
A(a + c — H, c) y 0. Hence we have 

\2A\ y \A[0,c] +A[0,c}\ 

+ \a + A[0,c] \ + \H + A[a + c- H, c]\ 
h 3A(0, c) + A(a + c- H, c) 
~ 3|A| +A(a + c-H,c)y 3\A\. 

Now we are ready to prove the lemma. The proof is divided into five cases. 
CaseGLHl d = 2 said A(a, H) H \(H-a). 

Clearly a is odd. Since A is not a subset of a b.p., then gcd(^4[a, H] — a) = d! is not an 
even number. 

Suppose d' > 2. Let d = m&x{x £ A : gcd(A[x,H] — x) = 1}. Then c' ^ c and 
A[c' + 1,H] C (i? — (d" * *N)) for some d" > 1 and By a symmetric argument of 
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showing A(a, H) y above, we can assume A(0, d) y 0. With a little more effort we can 
show that 

(A[a, H] + A[a, H]) n (c' + A[a + 1, #]) = 0, 

(A[0, c] + A[0, c]) n (c + A[a + 1, #]) = 0, and 

(a + A[0, c]) n (d + A[a + 1, H]) = 0. 

The second equality above is due to the fact that if xi,a?2 £ A[0, c] and a' € A [a + 
having x\ + X2 = d + a' ^ d + a + 1, then xi, X2 > c', which implies xi, X2 € (i? — (d" * *N)). 
This implies c' = x\ + X2 — a' G (i? — (d" * *N)), which contradicts the choice of d . The 
reason for the third equality above is similar. Hence 

|2A| h \A[0,c] +A[0,c}\ + |o + A[0,c]| 

+\A[a,H] + A[a,H] \ + \d + A[a + 1, H}\ 
h 3A(0,c) + 3A(a,H) ~ 3|A|. 

If |2A| ~ 3|A|, then |A[0, c] + A[0, c]| ~ 2A(0,c) and \A[a, H] + A[a, H} \ ~ 2A(a,i7). Hence 
A[0,c] is full in the set of all even numbers in [0, c] and A[a, H] is full in (a+(d!* *N))C\ [a, H]. 
Without loss of generality, we can assume c, c— 2, c— 4 G A and c' = c. Note that c+A[a, H], 
c — 2 + A[a, H] , and c — 4 + A[a, i7] are pairwise disjoint because d! is odd and d' > 2. Hence 
we have 

|2A| h \A[0,c]+A[0,c]\ + |a + A[0,c]| 

+ |{c,c-2,c-4} + A[a,i/]| + \H + A[a,H}\ 
y 3A(0,c) +4A(a,iJ) >- 3|A|. 

So |2A| X 3|A| must be true. This ends the proof of the case for d! > 2. 

Now assume that gcd(A[a, H] -a) = d! = 1. This implies |A[a, i^] +A[a, H] \ >z 3A(a, 
Hence 

|2A| >: (2A)(0,2c) + \a + A[0,c]\ + (2A)(2a,2H) h 3|A|. 

We now derive a contradiction by assuming |2A| ~ 3|A|. By the inequality above we have 
that A[0, c] is full in the set of all even numbers in [0, c]. Suppose c -< a. If there is a x >- a 
in A such that x — a < a — c. Then we have 

|2A| y 2A(0,c) + \a + A[0,c]\ 

+ \x + A[a + c-x,c}\ + |A[a,i?] +A[a,i?]| 
>: 3A(0, c) + 3A(a, H)+A{a + c- x, c) >- 3|A|, 
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which contradicts \2A\ ~ 3|A|. Otherwise we can find a x y a in A such that A(a,x) ~ 0. 
Let F C A[a, H] be finite such that a£F and gcd((F U Ab, if]) - a) = 1. Then 

(2A)(x + a,2tf) ^ |(FU^[x,i7]) + (F U A[x, if])| ^3A(x,if) ~3A(a,iI). 

Hence we have 

|2;4| >r 3A(0, c) + 3A(a, H) + |x + A[2c - x, c] \ y 3\A\. 

So we can assume c ~ a. Recall that we have A(Q, c) >- 0, A(a, if) >~ 0, gcd(A[0, c]) = 2, 
A[0,c] is full, gcd(A[a,H] - a) = 1, and A(a,if) X |(if - a). Note that since A(0, c) ~ 
^(c+ 1), then \A\ -< ^if implies A(a,i?) -< ^(if — a). Since A[0,c] is full, we can, without 
loss of generality, assume that c, c — 2, c — 4 € A. 

Subcase 1.1 d a+c/ (A) = 0. 

Choose & x £ A with x >~ a such that A(a, x) < |(x — a + 1). Let i 7 C A[a, if] be finite 
such that o£F and gcd(F U H]) = 1. Then 

|2A| b |A[0,c] + A[0,c]| + |a + A[0,c]| + \x + A[a + c - x,c}\ 
+\(FuA[x,H}) + (FUi4[s,fl])| 
>: 3A(0, c) + -(x-a+l) + 3A(x, H) 

y 3\A\ + -(x-a + l) - 3A(a,x) y 3\A\, 

which is again a contradiction. □ (Subcase 13. 81 1 .1) 
Subcase ETSll. 2 d a+u (A) > \. 

By (3) of Lemma 12.61 there exists a b y a such that A[a, b] is a forward triangle from a 
to b. Since A(a, if) -< \{H - a), then A(b, if) -<\{H-b) and 6 -< if . If |2A| ~ 3\A\, then 
|A[c - 4, if] + A[c - 4, if] | ~ 3A(c - 4, if). Note that A[c - 4, if] is not a subset of a 
of difference 3 because c, c — 2, c — 4 G A Hence by Lemma 1331 A[c — 4, if] is a full subset 
of a [c - 4, a'] U [6', if] for some a', b' G A If b' ~ if, then by the fact that 2a' -< a + if 
we have 

|2A| y_3A(0,c) + 2a'-2a+\H + A[2a'-H,H} \ y 3\A\ + A(2a' - if, a) y 3\A\. 

If b' -< if, then the lemma follows from Lemma 13.41 □ (Subcase 13.81 1.2) 
Subcase [Oil .3 < d a+u (A) \. 
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Suppose for any x y a in A we have gcd(A[x, H] — x) > 1. Choose a x ~ a in A such that 
gcd(A[x, fl] - a?) = d! > 1. Since gcd(A[a, F] - a) = 1, then \ A[a, H] +A[a,H]\ ~ 3A(a, #) 
implies that A[x,if] is full. 

If (f = 2, then |A| ~ ^if , which contradicts the condition (jIVf) . 

Suppose t? = 4. Let d = c and c" = c — 2 when x is odd, or let d G {c, c — 2} such that 
c' + x = 2x + 2 (mod d') and c" = a when x is even. Then d + H], c" + A.[x, £T], and 
A[x,iJ] + A[x,iT] are pairwise disjoint. Hence 

\2A\ t \A[0,a}+A[0,a}\ + \d + A[x,H}\ 

+ \d' + A[x,H}\ + \A[x,H] +A[x,H]\ 
y 3\A\ +A(x,H) y 3\A\. 

Suppose d' = 3 or d! > 4. Then there are d , c" in {c,c — 2,c — 4} such that d + A[x, H], 
c" + A[x,H], and A[x,H] + A[x,H] are pairwise disjoint. Hence \2A\ y 3\A\ by the same 
reason above. 

Therefore, we can now assume that there is a x y a in A such that gcd(A[x, H] — x) = 1. 
Since gcd((A[c - 4, if] - c - 4) n U) = 1 and (A[c - 4, if] - c - 4) n U is not a subset of a 
^/-unbounded 6. p. of difference d > 1 because a, c, c — 2, c — 4 £ A, then by Lemma l2 .21 there 
exists ay y am A with c -< y < x and A(y,H) ^ |(JEf — y+1) such that (2A)(2(c— 4), 2y) >~ 
3A(c - 4, y). Hence by Lemma l2~3l |A[c - 4, iJ] + A[c - 4, >- 3A(c - 4, if), which implies 
|2A| >- 3\A\. This ends the proof. □fCasel3~Hll) 

Case IOl2 d = 2 and vl(a, fT) >- \{H - a). 

By Lemma 12.61 we can find ^ a' ~< a -< a" ^ H such that .A [a', a"] is a backward 
triangle from a' to a" and A(a", H) ~ — a"). Without loss of generality we can assume 
gcd(A[a",H] - a") = 1. Then by Lemma l3~T1 we have that \A[0,a"] +A[0,a"]\ y 34(0, a") 
or A[0, a"] is a full subset of a b.p. of difference 3. However, the former implies \2A\ y 3\A\ 
by Lemma l2~3l and the latter is impossible because d = 2. □(Case l3~8l 2) 

Case ET8l3 d = 3 and A(a, H) ■< \{H - a). 

(Note that this case does not occur when \A\ ~ \H.) Since A is not a subset of a b. p., 
we can define 

b = min{x G A : x g" {0, a} (mod 3)}. 

Let A = An(3* *N), A a = An(a + (3* *N)), and A b = An (b+ (3* *N)). Let l ,l a ,h be the 
least element of Aq, A a , A/,, respectively. Let uq, u a ,Ub be the largest element of A , A a , Af,, 
respectively. Note that the rest of the proof does not use the fact that a y 0. 
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Subcase QHH13.1 b ~ H. 

We have \A\ ~ \Aq \ + \A a \. We can also assume \A a \ y because otherwise 

|2A| ^ |2A | + \a + A \ + \b + A \ = A\A \ = 4\A\. 

Since Aq U A a is a subset of a 6. p., then by Theorem I A. 11 Aq is full and A a is full. This 
implies u a ~< H or uq -< H because A(a,H) H — a). Suppose u a -< H and u a ^ u$. 
Then 

|2A| >: \2Aq\ + \2A a \ 

+ \A + A a \ + \b + A [u a + u -b,uo]\ 
t 3\A\ + A (u a + u -b, uq) y 3\A\. 

By the same reason, if uq -< H and no ^ u a , then \2A\ y 3\A\. Note that if both uo -< H 
and u a < H are true, then either no ^ u a or n a ^ no- □( Subcase 13.81 3.1) 

Subcase ISH13. 2 b ~< H. 

Suppose d! = gcd(A\b,H] — b) > 1. If d! = 2, then the proof of this case is same as 
the proof in Case 13.81 1 and Case 13.81 2 by considering H — A in the place of A. So we can 
assume that d' > 2. 

If d! = 3, then uo,u a < b. Note that b {0, a} (mod 3). We can assume \A a \ y 
because if \A a \ ~ 0, then 

\2A\ y \2A \ + \2A b \ + \A Q + Ai\ + K + 4)1 y 3\A\. 

We can also assume |4| y because otherwise let c ^ b such that A(c, b) ~ and for every 
x -< c, A(x, c) >- 0. Then 

\2A\ y 3\A \ + 3\A a \ + \H + A[c + b-H,c]\ y 3\A\. 

Let n = max{uo,n a }. If \2A\ ~ 3\A\, then 

|2A| ^ |2A | + \2A a \ 

+ \A + A a \ + \2A b \ + \u + A b \ 
h 3\A \ + 3\A a \ + 3\A b \ = 3\A\ 

implies that Aq, A a , and A b are full. If uq -< 6 and «o < u a , then 

|24| >r |2A | + |2^ a | + |^o + 4| + \2A b \ 

+ \b + A a [u a + u - b,u a } \ + \u a + A b \ 
y 3\A \ + 3|A a | + 3\A b \ + A a (u a + u - b,u a ) y 3\A\. 
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So we can assume uq ~ b. By a similar argument we can also assume u a ~ b. However, 
above assumptions imply that 

\2A\ y \2Aq\ + \2A a \ + \A + A a \ 

+ \2A b \ + \u a + A b \ + \u + A b \ 
y 3\A \ + 3\A a \ +4\A b \ y 3\A\. 

Suppose d! ^ 4. We re-define Aq to be Aq[0, b — 1], A a to be A a [0, b — 1], uq = maxio, 
and u a = m&xA a . Let u = m&x{uo,u a }. Then 

\2A\ y \2A \ + \2A a \ + \A + A a \ + \2A b \ + \u + A b \ h 3\A\ 

together with \2A\ ~ 3\A\ imply that Aq, A a , and A b are all full. Note that \Aq\ y is 
always true. We can also assume \A a \ y because otherwise we have 

1 2,4 1 y \2A \ + \a + A \ + \b + A \ + \u + A b \ + \2A b \ y A\A \ + 3\A b \ y 3\A\. 

Hence we can assume u, u — 3, u — 6 S Aq U A a . Since there are u' , u" £ {u, u — 3, u — 6} 
such that v! + A b , u" + A b , and 2A b are pairwise disjoint, we have 

\2A\ y \2Aq\ + \2A a \ + \A + A a \ 

+\u' + Ab\ + \u" + A b \ + \2A b \ 
y 3\A Q \ + 3\A a \ +A\A b \ y 3\A\. 

Therefore, we can now assume that d! = 1. If A(b, H) y \{H — b), then by Lemma 12.61 
there exist b' -< b -< b" ^ H such that A(b",H) ~ \(H - b") and A[b',b"] is a backward 
triangle. Since 0, a, b £ A[0, b"], then A[0, b"] is not a subset of a b.p. of difference 3. Clearly 
A[0, b"\ is not a subset of a 6. p. of difference 1 because d > 1. Hence we have |2A| >- 3|A| by 
Lemma l3.5l and Lemma 12.31 So we can now assume that A(b,H) r< \{H-b). let's re-define 

t° be ^o[0, fr — 1], A a to be A a [0, 6 — 1], iio = max Aq, and u a = maxi a . Then by Lemma 
I2.1UI we have that Aq an d A a are full and uo,u a ~ b. We can also assume A a (l a ,u a ) y 
because otherwise (2A)(0,2b) y 4A(0, b), which implies \2A\ y 3\A\. 

If A(b,H) ~ ^(H — b), then A(0,b) -< ^6. Since uo ~ 6, u a ~ 6, and d = 3, then 
Ua — la -< \b, which implies l a y Hence 

|2A| >r |2A | + |2A a | + \A + A a \ 

+\A% H] + A[6, H]\ + \b + A [0, 2l a - b] \ 
y 3A(0, 6) + 3A(6, ff) + A (0, 2Z a - b) y 3\A\. 
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So we can assume A(b, H) -< — b). 

If d b+ u(A) = 0, then there is a a; € A, x y b such that either x — b < uq and A(6, x) ^ 
^j(x — 6 + 1), or A(6, x) ~ 0. Let i 7 C A[b, H] be a finite set such that b € F and 
gcd((F U A[x, H]) - b) = 1. Then 

|2A| b |2A | + |2A a | + |A + A a | 

+ |(FU A[x,#]) + (FuA[i,ff])| + |x + A [2u -x,u ]| 
b 3A(0, b) + 3A(x, H) + A (2u - x, u ) 
h 3A(0, 6) + 3A(x, ff) + -(x - u + 1) 

>: 3|A| + -0 - uo + 1) - —0 - b + 1) y 3\A\. 

o -LU 

If d b+u (A) > |, then there is a x >- b such that A[fe, x] is a forward triangle. Clearly 
x -< H and A(x,iJ) -< \{H — x). Let v! = min{uo,u a }. Note that u' ~ 6. By Lemma 13.51 
and Lemma f2.3| |2A| ~ 3|A| implies that A[vf, H] is either a full subset of a 6. p. of difference 
3 or a full subset of a b.p. of difference 1. Since uo,u a ,b G A[-u',.£f], A[-u',i/] cannot be a 
subset of a b.p. of difference 3. Let A[b, H] be a full subset of the b.p. [b, z] U [z' , H] for some 
z < z' in A[6, fl]. Note that 2z -< b + z'. Then 

\2A\ y \2A \ + \2A a \ + \A + A a \ + \A[b, z] + A[b, z}\ 

+ \A[b, z] + A[z', H] | + \A[z', H] + A[z', H] \ + \z' + A[2z - z', b}\ 
y 3A(0, b) + 3A(b, H) + A(2z - z', b) y 3\A\. 

Now we can assume < d b+u (A) ^ 1 Suppose there is a b' ~ 6 in A such that 
gcd(A[6', iT] - b') = d" > 1, If d" = 2, then there is a 6 W ~ b such that c?" - d" is odd. 
Hence |A[b"',i/] +A[b"',H]\ ~ 3A(& w ,iJ) implies that A[6",#] is full, which contradicts 
A(6,IT) -< §(#-&). lid" > 3, then |AkV,iT] + A[u',#]| ^ 4A(u',fT) >- 3A«iI), which 
contradicts |2A| ~ 3|A| by Lemma |2.3I So we can assume that there is an x y b in A 
such that gcd(A[x,H] — x) = 1. Since Aq and A a are full, we can assume u' — 3 £ A. 
Hence A Pi (u' — 3 + U) is neither a subset of an a. p. of difference > 1 nor a subset of a 
{v! — 3 + C/)-unbounded 6. p. By Lemma 12.21 there exists a y £ A with 6 -< y < x such 
that A(y,H) ^ - y) and (2A)(2(u' - 2),2y) y 3A(u' - 2,y). By Lemma El we have 
\A[b,H] + A[b,H]\ y 3A(b,H), which implies \2A\ y 3\A\ again by Lemma EDfl □(Case 

run 3) 

Case ETSU d = 3 and A(o,IT) >- i(fT-a). 
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By Lemma 12.81 and (jlV[) we can find -< a' -< a -< a" ^ H such that A[a', a") is a 
backward triangle and A(a" , H) ~ ±(ii - a"). By jEJ) we have A(0, a") -< ±a". If a" ~ if, 
then the lemma follows from Lemma 13,51 So we can assume a" -< H. Now the lemma 
follows from Lemma 13 , 61 unless A[0, a"] is a subset of a b.p. of difference 3. Without loss of 
generality, let A[0, a"] be a subset of a 6. p. Jo U ii of difference 3, where Ii = i + (3 * *N) 
for i G [0,2]. Let A* = A n Ij and 6 = min(A n f 2 ). Then 6 ^ a". Let Zi = min Ai [0, a"] . 
Then 2l x y a". If 6 ~ a", then 

(2A)(0,2o") >: 3A(0,a") + |6 + A [0,2/i - 6]| >- 3A(0,a"), 

which implies |2A| >- 3|A| by Lemma 12.31 So we can assume b y a". 
Subcase 04.1 A(a", b) -< §(6 - a"). 

Then we have A(b, H) y \{H — b). Hence we can find a" ^ c -< b -i d ^ H such that 
A[c, c'] is a backward triangle from c to c' and A(c', if) ~ f(if — c '). Since A[0, c'] contains 
two backward triangles, it cannot be a subset of a b.p. of difference d' for d! = 1 or d' = 3. 
Hence by Lemma 1331 we have |A[0,c'] + A[0,c']| >- 3A(Q,d), which implies |2A| >- 3|A|. 
□ (Subcase E3|4.1) 

Subcase EIH14.2 A(a", b) t \{b - a"). 

Let c = max{x € [a", 6 — 1] : x,x — 1 € A}. It is easy to see that c >- a" and 
A(c, 6) ^ |(6 - c). Since |2A| ~ 3|A| implies \A[0,c] + A[0,c]\ ~ 3A(0,c), then we can 
assume that A[0,c] is full in the b.p. Iq U I\, which implies A(a",c) ~ |(c — a"). Hence 
A(c, H) -< \(H — c). So we can find a m with a" -< m -< c such that A(m, if) -< 5 (if — to). 
It is easy to show that there is a to' -< ii such that A[to, to'] is a forward triangle. Since 
A[m, H] cannot be a full subset of a 6. p. of difference 3, because it contains b, or 1 because 
A[m,b — 1] -< b — m, then by Lemma 13.51 we have |A[to, if] + A[m, if]| y 3A(m, H). Since 
A[0, to] is a subset of a b.p. of difference 3 we have |A[0,to] + A[0, to]| y 3A(0, to). By 
Lemma IP we have |2A| y 3\A\. nfCaseETKU) 

Casel3T5l5 d > 4. 

Since A is not a subset of a 6. p., the number b = min{x G A : x {0, a} (mod d)} 
is well defined. Let f = i + (d * *N) and Aj = A n f. Let it, = max Aj [0,6 — 1] and 
li = min Aj[0, 6 — 1] for i = 0, a. 

If 6 = 2a (mod d), then a + 6 ^ (mod d) because otherwise A[0, 6] is a subset of an 
a. p. with difference | > 1. Hence we have either 6 ^ 2a (mod d) or a + 6 ^ (mod d). This 



26 



implies 



{b + A [0, Uo })n(A[0,b 



1]+A[0,b 



1]) = 



or 



(b + A a [l a ,u a ])n(A[0,b 



1]+A[0,b 



1])=0. 



If A(6, H)y \{H- b), then there are -< b' -< b -< b" s: H such that A(b", H) ~ §(# - 6") 
and A[6', 6"] is a backward triangle. If \2A\ ~ 3|^4|, then A[0, b"] is a full subset of either a 
6. p. of difference 3 or a 6. p. of difference 1. But both contradict d ^ 4. So we can assume 
4(6, tf) =< \{H-b). 

Suppose gcd(A[6, fl] — 6) = 1. By Lemma I2.1UI we can show that u a ~ b, uq ~ 6, 
-AoGo,"*) >~ 0, A (0,u ) y 0, ^ [0,n ] is full in [0,u ], and A>[Z a ,u a ] is full in 
Hence 

\2A\ y \A [0,u ] + A [0,u } \ + \A a [l a ,u a ] + A a [l 

ai u a\ I 

+ |A)[0,uo] +A a [l a ,u a }\ + |A[6,fl] +A[b,H}\ 
+ mm{\b + A [0,u }\,\b + A a [l a ,u a }\} 
h 3A(0,b)+3A(b,H)+mm{A {0,u ),A a (l a ,u a )} y 3\A\. 

Suppose gcd(^4[6, H] - b) = d! > 1. Let d = max{x G ^4 : gcd(A[x, H] - x) < d'}. Then 



we have 



(c' + #]) n fl] + A[6, H}) = 0, 
(c' + A[b, H]) n (A[0, 6 - 1] + A[0, b - 1]) = 0, and 



(t/ + A[6 + l,fl])n(6 + A[0,6 



1]) = 0. 



If A a (l a , u a ) y 0, then we have 



\2A\ h \A [0,u } + A [0,u }\ + \A [0,u ] + A a [l 

+ \A a [l a: u a] + A a [l a , u a ] | + min{ | b + Aq [0, u ] \ , \a + A a [l a , u a ] \ } 
+ \A[b,H] + A[b,H}\ + |c' + A[b,H}\ y 3\A\. 



If A a (l a ,u a ) ~ 0, then we have 



\2A\ >z \A [0,u ] +A [0,u }\ + \a + A [0,u }\ 

+ \b + A o [0,u ]\ + \A[b,H]+A[b,H]\ + \c' + A[b,H]\ 
y 4A (0, n ) + 3A(b, H) y 3\A\. 



This ends the proof of Case 13 . 8l 5 as well as the lemma. □( Lemma 13.8(1 
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Lemma 3.9 Assume \A\ -< \H , < djj{A) ^ \, and AC\U is a subset of a U -unbounded 
b.p. of difference d. If A is not a subset of a b.p., then \2A\ y 3\A\. 

Proof: Suppose A n U is a subset of the [/-unbounded b.p. (d * [/) U (a + (d * f/)) for 
some a E A n Clearly d ^ 2. Let 6 = min{x £ 4 : i f {0,a} (mod cQ}. Note that 
A(0, b-l)yO. By Lemma we can assume gcd(A[0, b - 1]) = 1. If A(b, H) y \{H - b), 
then we can find -< b' -< b -< b" < H such that A(b",H) ~ ±(il - 6") and A[6', b"] is a 
backward triangle from 6' to b". Note that A[0, b"] cannot be a subset of a 6. p. of difference 3 
because otherwise AD U is a subset of an a. p. of difference 3. By Lemma l'2, 31 we can assume 
|A[0,b"] + A[0,6"]| ~3A(0,6")- By Lemma ESI A [0, b"} is a full subset of a b.p. [0, c] U [c', b"], 
which contradicts the assumption < dy(A) ^ ^. So we can assume A[6, H\ < \{H — b). 
If d > 3, then the proof of the lemma is the same as the proof of Case 13.81 5. Suppose 
d = 3. Ii b ~< H and gcd(A[6, if] — 6) > 1, then the lemma follows from Lemma 13.81 If 
gcd(A[b,H]-b) = 1 or b ~ ff, then |2A| ~ 3|A| implies |A[0,6-1]+A[0,6-1]| ~ 3A(0,6-1), 
which implies A[0, b — 1] is a full subset of a 6. p. of difference 3. Since A n 17 is already a 
subset of the b.p., then d[/(A) = |, which contradicts djj(A) ^ |. □ (Lemma I3.9|) 

Now we summarize all the proofs in this section into a theorem, which takes care of the 
case in Theorem 1 1 . 71 under the condition (|IV|) . 

Theorem 3.10 Assume A C [0, fl] and 0,FgA Suppose gcd(A) = 1 and -< \A\ -< \H . 
If A is not a subset of a b.p., then \2A\ y 3\A\. 

Proof: By Lemma f3.8l we can assume that for every x y 0, if A(0, x) y 0, then gcd(A[0, x]) = 
1 for every x y 0. If there is a x -< H in A such that A(a;, >- and gcd(A[x, H] — x) > 1, 
then the theorem is true again by Lemma 13.81 with A replaced by H — A. So we can assume 
that for every x -< H in A, if A (a;, i?) >- 0, then gcd(A[a;, H] — x) = 1. We now divide the 
proof into four cases according to the value of d v (A) . 

Case GOBI djj(A) > \. 

Then there is a c >~ such that A[0, c] is a forward triangle from to c. Since \A\ -< 
\{H + 1), then c < H. Now the theorem follows from Lemma 13.51 

Case 107)1 2 < d v (A) < \. 

If A fl U is a subset of an a. p. of difference > 1, then the theorem follows from Lemma 
13.81 If A n U is a subset of a [/-unbounded b.p., then the theorem follows from Lemma 13.91 
Otherwise by Lemma l2.2l we can find ay & A with -< y -< H such that A(y, H) ^ \{H — y) 
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and (2A)(0,2y) y 3A(0,y). If A(y,H) ~ 0, then the theorem is already true because 
\A\ ~ A(0,y). So we can assume A(y,H) y 0. If gcd(A[y, H] — y) > 1, then the theorem 
follows from Lemma 13.81 If gcd(A[y, H] — y) = 1, then the theorem follows from Lemma 
IP □(Case[nni2) 

Case 13.101 3 ^(A) = and there is a x y such that vl(0, x) ~ 0. 

By Lemma 12, 61 we can find such x £ A such that for any y y x, A{x, y) y 0. 

If A(x,H) y ±(ff - x), then we can find 0-<c'-<3;-<c^ff such that, A(c, H) ~ 
\{H — c), and A[d , c] is a backward triangle. If c ~ ff, then the theorem follows from 
Lemma 13.51 Suppose c -< ff . Note that A[0, c] cannot be a full subset of a b.p. of difference 

3 by the condition of the case. Hence the lemma follows from Lemma 13.61 

If A(x,H) ^ \{H - x) and A[x,H] is a subset of an a. p. of difference > 1, then the 
theorem follows from Lemma 13.81 If A(x, H) ■< \{H — x) and A[x, H] is not a subset of an 
a. p. of difference > 1, then 

\2A\ t. A(x,2x) + \A[x,H] +A[x,H]\ y 3\A\ + A(x, 2s) >- 3|A|. 

□ (CaseE3ni3) 

Case ETTU14 djj(A) = and for every x >- 0, A(0, x) y 0. 

By symmetry we can also assume d H _u(A) = and for every y ~< H, A(y, H) y 0. 

Let \A\ ~ aH. Then < a < ^. By Lemma |2.6I there is a b y in A such that 
^4(0, b) ~ a6 and ^4(0, x) -< ax for every -< x -< b. By the assumption of this case, we 
have A{0, b) y and A(b, H) y 0. If there is a -< x -< H such that A[0, x] or A[x, H] is 
a subset of an a. p. of difference > 1, then the theorem follows from Lemma 13.81 Note that 
(kb_jj(A) ^ a by the choice of b. By Lemma l2~3l we can assume \A[0, b] + A[0, b] \ ~ 3vl(0, b). 
By Case l3.l01 l and Case l3.ldl 2 for A[0, b] we can assume that A[0, b] is a subset of a 6. p. of 
difference (i. Clearly A[0, b] is a full subset of the b.p. If d = 1, then A[0, 5] is a full subset 
of [0,a;] U [x', 6], which implies either A(0,x') ~ or djj(A) = 1. Each of them contradicts 
the assumption of the case. If d > 1, then djj{A) = |, which is again a contradiction to the 
assumption of the case. □ (Theorem 13.10)) 

4 Second Step: When ^ is almost |. 

In this section we again assume AC [0, H], 0,H £ A, and gcd(A) = 1. In addition we also 
assume 

\A\ ~ iff, (V) 
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A is not a subset of a b. p., (VI) 

and 

\2A\ = 3\A\ -3 + 6 (VII) 
for ^ 6 ~ 0. HVII|) implies |2^4| ~ 3|A|. Under the condition above we want to prove 

H + 1 < 2\A\ - 1 + 26. (VIII) 

Without loss of generality, we can assume that 

\A\^\{H + l) (IX) 

because otherwise (|V111(I is trivially true. In this section the letter 6 is reserved only for the 
purpose in (|VII|) . 

Lemma 4.1 Let z £ [0,H] \ A and let A' = A U {z}. Suppose \{2A') \ (2vl)| ^ 2 and 
\2A'\ = 3\A'\ -3 + 6'. // 

il + 1 > 2|A| - 1 + 26, (X) 
then ^ 6' < 6 - 1, < §(# + 1), and H + 1 > 2\A'\ - 1 + 26'. 

Proof: If 6 = 0, then |2A| = 3\A\ - 3. By Theorem [Ql we have H + 1 < 2|A| - 1, which 
contradicts |A| ^ + 1)- So we can assume 6 > 0. By the assumption of the lemma we 
have H + 1 ^ 2|A| + 26. Hence \A'\ = \A\ + 1 ^ i(iJ + 1) - 6 + 1 ^ + 1). Since 

\2A'\ = 3\A'\ -3 + 6' 

^ |2A|+2 = 3|A| -1 + 6 
= 3\A'\ -3 + (6- 1), 

then 6' < b - 1. If 6' < 0, then by Theorem Ej] ,4' is a subset of an a. p. of length 
^ 2\A'\ -3 = 2|A| - 1, which implies F+ 1 < 2\A\ - 1, a contradiction to (jXj). Hence 6' ^ 0. 
Finally H + 1 > 2|A| - 1 + 26 = 2|A'| - 1 + 2(6 - 1) ^ 2|A'| - 1 + 26'. □(LemmaEH 

Lemma 4.2 // there is an a ~ suc/i that A[a + 1, ii] is a subset of a b.p. of difference 3, 
then H + 1 ^ 2|^| -1 + 26. 

Proof: Without loss of generality we can assume a G A and A[a, H] is not a subset of a 
b.p. of difference 3. Fix j G [-2, 0] such that A[a + 1,H] C ^4 U Ai where Ai = AnJi and 
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J% = j + i + (3 * *N) for i = 0, 1, 2. For i = 0, 1, 2 let Zj = min Aj and nj = max Aj. For 
i = 0, 1 let Ii = Jj[0, itj] and let I2 = ^2]- Clearly a = n2 ~ 0. Since 

|2A| ^ |2v4 | + |2Ai[ + \A + A 1 \h 3|A | + 3|Ai| ~ 3|A|, 

then we have \2Ai\ ~ 2\Ai\ for ? = 0,1. By Theorem IA.1I we have that Ai is full for 
i = 0,1. Note that \AA y for i = 0, 1 by ©. If Z >- and Z > h, then |2A| ^ 
3|A| + \a + Ai[Zi,2Zo]| >- 3|A|. By symmetry we can also prove that l\ y and Zi ^ Zo 
together are impossible. So we can assume Iq ~ and Zi ~ 0. Without loss of generality we 
assume no = H. Then \A\ ~ + 1) implies iti ~ If-. 

Suppose the lemma is not true. Then we can assume that (|VII|) . (|IX|) . and (|Xj) are true. 
Without loss of generality we can assume that \A\ is the maximum among all the sets in 
Jo U Ii U I2 containing the original set and satisfying (jVIII) , (|IX|) , and (|Xj) . 

Claim 14.21 1: If Zj -< z ~< Ui and z = j + i (mod 3) for i = or i = 1 , then z G A 

Proof of Claim FOl l: Suppose not and let A' = A U {z}. By Lemma l4.1l and by the 
maximality of \A\ we need only to show that | (2^4') \ (2A)| ^ 2 for a contradiction. First 
let z = j (mod 3). Let y G .A'. 

If y G Ao U {z} and y -< Uq, then Ao[y + 1, y + 1] n (y + z — Ao[z — t, z — 1]) / for some 
-4 t -< minjno — y,z}, which implies y + z G (2Ao) C (2A), by the pigeonhole principle. 
If y G Aq U {z} and y ~ no, then Ao[y — t, y — 1] fl (y + z — Ao[z + 1, z + i]) 7^ for some 
-< t -< min{y,no — z}, which implies y + z G (2Ao) G (2A). If y G Ai and y -< ni, then 
A\ [y + 1, y + i] n (y + z — Ao[z — i, z — 1]) 7^ for some -< t -< minjni — y, z}, which implies 
y+z G Ai+A C (24). If y G A\ and y ~ m, then Ai [y-t, y-l]n(y+z-A [z+l, z+t\) ^ 
for some -< i -< min{y,no — z}, which implies y + z G Ai + Aq C (2A). If y G A2, then 
0-<y + z^no~ 2ni. Since Ai is full, then there are x ~ 2Zi and x' ~ 2ni such that 
(Jo + J2)[x,x'] C (2Ai). Hence y + z G (2Ai) C (2A). By all the arguments above we have 
(2A') = (2A). 

For the case that z = j + 1 (mod 3) the proof is similar. □(Claim 14.21 1) 
Claim 14.21 2: If ^ < z < u\ and z = j + 1 (mod 3), then z G A. 

Proof of Claim H~2l 2: Suppose not and let z be the least number such that the claim 
is not true. By Claim H~2l l we have z ~ u\. Let A' = A U {z}. It suffices to show 
|(2A') \ (2A)| < 2. Let y G A'. 

If y G Ao and y -< no, then Ao[y + 1, y + t] n (y + z — Ai[z — t, z — 1]) 7^ for some 
-< t -< min{no — y, z}, which implies y + z G Aq + A\ C (2A). If y G Aq and no ~ y < no, 
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then y + z = uq + (z — (uQ — y)) G Aq + A\ C (2 A) by the minimality of z. If y G 4i U{z} and 
y <u\, then 4i[y + 1, y + i] PI (y + 2 — A\\z — t, z — 1]) ^ for some -< i -< min{ui — y, z}, 
which implies y + z G (24i) C (24). If y G A\ U {z} and u\ ~ y < m, then y + z = 
ui + (z - m + y) G {2 Ax ) C (2,4). If y G 4 2 , then y + z G (24 ) by the facts that 4 is full 
and 2l Q -< y + z -< 2u . Hence ((24') \ (24)) C {z + u , z + m}. □ (Claim OJ2) 

Claim HT21 3: If ^ < z < u and z = j (mod 3), then z G 4. 

Proof of Claim I4~2l 3: Suppose not and let z be the least number such that the claim 
is not true. By Claim H~2l 1 we have z ~ uq. Let A' = A U {z}. Again it suffices to show 
|(24') \ (24)| < 2. Let y G 4'. 

If y G 4 U {z} and y -< u , then 4 [y + 1, y + t] n (y + z - 4 [z - i, z - 1]) ^ for 
some -< i -< min{-uo — y,z}, which implies y + z G (24q) C (24). If y G 4q U {z} and 
u o ~ V < u o> then y + z = uq + (z — (no — y)) G (24 ) G (24) by the minimality of 
z. If y G 4i and y -< ui, then 4i[y + 1, y + i] n (y + z — 4o[z — t,z — 1]) ^ for some 
-< t -< min{ui — y, z}, which implies y + z G 4i + 4o C (24). If y G 4i and u\ ~ y ^ iti, 
then y + z = (y- (« -z)) + uo G 4i + 4 C (24). Note that y — uo + z G 4i by Claim Oil 
and Claim IO 2. If y G 4 2 and y < u 2 , then y + z = u 2 + (z - u 2 + y) G 4 2 + 4 C (24). 
Hence ((24') \ (24)) C {u + z, u 2 + z}. □ (Claim IO 3) 

Claim 1131 4: There is an % G {0, 1} such that l\ < z < ^ and z = j + i (mod 3) imply 
z G 4. 

Proof of Claim [Ol 4: Suppose not and let 

Zi = max{z G [0, H] : li < z < —, z = j + i (mod 3) and z 4j} 

for i = 0,1. By Claim H~2*l l we have z« ~ 0. 
Subclaim 14. 21 4.1: zq — Iq = Z\ — l\. 

Proof of Subclaim l4. 21 4.1: Suppose the subclaim is not true. Without loss of generality 
we assume zq — Iq < z\ — l\. Let 4' = 4 U {zi}. Since zq + l\ < z\ + Iq, then z\ + Iq = 
(zq + 1) + l\ G Aq + A\ C (24) for t = (zi + Iq) — (zq + Zi) by the maximality of zq. By 
the similar arguments in the last several claims we have ((24') \ (24)) C {zi + l\,z\ + Z 2 }. 
This contradicts the maximality of |4| by Lemma 14.11 By a symmetric argument we can 
show zq — Iq > z\ — l\ is also impossible. □(Subclaim 14.21 4.1) 

Case 1131 4.1: z + Z 2 <zi + Zi. 

Let 4' = 4 U {zi}. Note that z + h = z\ + h (mod 3). Then z\ + l\ = z + t + l 2 G 
4q + 4 2 C (24) for t = (z% + l\) — (zq + Z 2 ) > 0. Hence by the similar arguments as in 
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Subclaim IQ4.1 we can show ((2A) \ (2A)) C {z t + l , z x + Z 2 }. □ CCasel4T2l4.il 
Case l4T2l 4.2: z + Z 2 > 21 + Zi- 

Let A' = A U {z }. Then z + ^2 = z\ + t + Zi G (2Ai) for t = (z + Z 2 ) - (*i + h) > 
by the maximality of z\. Hence ((2A') \ (2A)) C {z + Z , z + h}. □(CaselQ4.2l 

Following the two cases above we have zq + Z 2 = zi + 1\. By symmetric arguments we 
can also show that Z\ + Z 2 = zo + Iq. Subtracting the second equality from the first we have 
zq — z\ = z\ — zq + l\ — Iq. This implies 2(zq — z{] = h — Iq. But by Subclaim 14.21 4.1 we 
have zq — z\ = — {lx — Iq). Hence lx — Iq = 0, which is absurd. □(Claim 14.21 4) 

Claim 11721 5: If k < z < ^ and z = j + i (mod 3), then z G A for i = 0, 1. 

Proof of Claim [Ql 5: Suppose the claim is not true. By Claim H~2l 4 we can assume, 
without loss of generality, that Iq < z < ^ and z = j (mod 3) imply z G A. 

Let z\ = maxjz G [0, fl] : h < z < ^, z = j + 1 (mod 3) and z G" Ax}. Let A' = 
A U {zx}. Then zi + Iq = lx + (Zo + %i — h) G Ax + A) C (2A). It is now easy to see that 
((2A f ) \ (2A)) C {zx + h, zx + Z 2 }. This contradicts the maximality of |A|. □(Claim EJ5) 

Claim \£2i6: l + Z 2 ^ 2Zi - 3 and Zi + Z 2 ^ 2Z - 3. 

Proof of Claim H~2l 6: By symmetry we need only to show the first inequality. Assume 
it is not true and we have Iq + Z 2 ^ 2Zi — 6. Then lx G" [0, 2]. Let z = lx — 3 and A' = AU {z}. 
Let y G A'. 

If y G Aq and y ^ Z , then y + z = (y - 3) + h G Aq + Ax C (2A). If y G Ai and y >- Zi, 
then Ax[y — t, y — 1] H (y + z — Ax[z + 1, z + i\) 7^ for some -< t -< min{y,iii}, which 
implies y + z G (2Ai) C (2A). If y G AiU{z} and y ~ Zi, then y + z = (Z + t) + Z 2 G A + A 2 
for t = (y + z) - (Z + Z 2 ) ^ (2/ x - 6) - (Z + Z 2 ) ^ 0. If y G A 2 and y > Z 2 , then 
y + z = Z 2 + (z + y - Z 2 ) G A 2 + Ai G (2A). Hence ((2A') \ (2A)) C {z + Z , z + Z 2 }, a 
contradiction to the maximality of \A\ by Lemma 14. II □(Claim 14.21 6) 

Claim 1017: Let z = u 2 + 3 and A' = A U {z}. Then (fyTTjl . (|LX|) . and ((Xj) maintain 
true with A and b being replaced by A' and b' , respectively. 

Proof of Claim l4~2l 7: By Lemma l4.1l it suffices to prove |(2A') \ (2A)| ^ 2. Suppose 
not. We derive a contradiction. 

Subclaim EOl 7.1: Z + Z x - 6 ^ n 2 + Z 2 . 

Prove of Subclaim 14.21 7.1: Assume the subclaim is not true. So we have ii 2 + Z 2 
Z + Zi - 3. Let y G A' 
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If y G A and y < u , then y + z = (y + 3) + (z - 3) £ A + A 2 C (2A). H y e A x 
and y < Ui, then y + z = (y + 3) + (z - 3) G Ai + A 2 C (2,4). If 1/ G A 2 U {z}, then 
y + z = y + it 2 + 3 ^ Z 2 + «2 + 3 > fa + fa- Hence y + z = (l + t) + h £ A + A 1 C (2A) for 
* = (2/ + z ) ~ (fa + ^i) ^ 0. Now we have ((2A') \ (2A)) C {z + Uo 5 2 + which contradicts 
the assumption that 1(2,4') \ (2A)\ ^ 2. □(Subclaim El 7.1) 

We now ready to derive a contradiction. By Claim I4~2l 6 and Subclaim 14.21 7.1 we have 
2(fa + h + fa) ^ 2Zo + 2Zi + U2 + Z 2 - This implies fa ^ u 2 . Hence A 2 = {fa}- So by Subclaim 
14.21 7.1 again we have fa + fa — 6 ^ 2fa. Since = min A, then G {fa, fa, fa}. We want to 
show fa = 0. Suppose fa = 0. Then by Claim I4~2l 6 and Subclaim 14.21 7.1 we have fa ^ 2fa — 3 
and — 6 ^ 2?2- So /i — 6 ^ 2(2/i — 3) = 4fa — 6 implies Zi ^ 4Zi, which is absurd because 
fa = implies Zi > 0. By symmetry we also have fa > 0. Hence Z2 = 0. 

By Claim EOl G and S ub claim 14 . 2 1 7 . 1 again we have fa ^ 2 fa — 3 and fa ^ 2Zo — 3, which 
imply fa + fa ^ 2(fa + fa) — 6 or equivalently fa + fa ^ 6. Hence by Subclaim 14.21 7.1 we 
have fa + fa = 6. Note that fa ^ fa (mod 3). So (fa, fa) ^ (3,3). Assume Zo < fa. The 
(Zo,Zi) = (2,4) or (Zo, Zi) = (1,5). But each of the two cases contradicts the inequality 
fa ^2fa-3 in Claim|Ol6 with fa = 0. □(Claim El 7) 

By Claim 14.21 7 we can add u 2 + 3, u 2 + 6, u 2 + 9, . . . successively to A to form a set 
A' so that (|VII|) . (|IX|) . and |X]) maintain true with A and b being replaced by A' and b' , 
respectively. However, ()IX[) will be eventually violated in this process. □ (Lemma I4.2j) 

Lemma 4.3 Let Ai = {z G A : z = i (mod 3)} for i = 0,1, 2. If there is an i G [0, 2] such 
that max Aj - min Aj ~ 0, iZien iT + 1 ^ 2|A| -1 + 26. 

Proof: The ideas are same as in the proof of Lemma 14.21 We will describe the steps 
without too much technical details. Let fa = i + (3 * *N), Ai = A n fa, k = minAj, and 
Ui = max Ai for i = 0,1, 2. 

Without loss of generality let u 2 ~ fa. By Lemma 14.21 we can assume -< Z2 ^ u 2 -< u 2 . 
Since 

\2A\ y \2A \ + 1 2 Ai| + |A + Ai| y 3|A | + 3|Ai| ~ 3|A|, 

then |2A| ~ 3|A| implies that Aj is full for i = 0,1. Note that |A | h f-, \Ai\ y ^, and 
|A U Ai| ~ \H. 

Suppose the lemma is not true. Without loss of generality we can assume that |A| is 
the maximum among all the sets in U? =0 -Zj[^i u i] containing the original set and satisfying 
(IVII|) . (|IX|) . and (jXJ). Without loss of generality let's assume fa = 0. 
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Case Foil H = u - 

If h -< 2l\, then 

\2A\ h |2A | + |2Ai| + |A + Ai| + |Z2 + Ao[0,2Zi-Z 2 ] y 3\A\. 

So we can assume 2Zi ^ £2- By symmetry we can assume u 2 + H -< 2u\. Since u\ — l\ ~ \H 
by (JVJ), we have 2l\ ~ / 2 and u 2 + iJ ~ 2ui. Hence 

A 2 + Ai C (2A )[h + Z 2 , ui + u 2 ] = (2J )[Zi + k, "1 + «2]- 

This implies Ai = Ii[Zi,iti] by Lemma l4.1l and the maximality of \A\. Then we can show 
Aq = Iq[Iq,uq] again by Lemma 14.11 and the maximality of \A\. Furthermore, we can show 
A2 = ^2^2) 1*2] by the fact that (2.Z 2 )[2Z 2 , 2u 2 ] C Aq + A\ and by Lemma 14.11 Now we add 
z = U2 + 3, z = U2 + 6, z = u 2 + 9, etc. successively to A so that the set maintains satisfying 
(|VTL[t . PX|>. and (JXJ). However, this process will eventually violate (|LX|) . □ (Case Oil) 

Case IOI 2 H = u x . 

We can again show that 2Zi ^ Z 2 an d w 2 + H -< 2uq because otherwise we can show 
\2A\ y 3|A|. Since H — l\ + uq ~ |iiZ, then uo — ^1 ~ which implies 2Zi ~ Z 2 and 
U2 + -ZZ ~ 2uo- Again assume that A C uf =0 Ii[li, Ui] has the maximum cardinality among 
the sets satisfying (|VII|) . (|IX|) . and Q). Then we can show Aj = Ii[lo,uo] for i = 0,1,2. 
Finally we can again add z = u 2 + 3, z = u 2 + 6, z = u 2 + 9, etc. successively to A so that 
the set maintains satisfying (I Villi , (|1X|) , and (jX)) . Again this process will eventually violate 
(|IX|). □ (Lemma PJ 

Lemma 4.4 Suppose there are -< a ~ c -< -fZ smc/i i/iai A[0,a] is a backward triangle as 
well as a subset of a b.p. of difference 3 and A[c, H] is a forward triangle as well as a subset 
of a b.p. of difference 3. Then H + l^ 2\A\ -1 + 26. 

Proof: The ideas are again the same as in the proof of Lemma 14.21 Let L L = (i + (3 * *N)) 
for i = 0, 1, 2. By Lemma 14.31 we can assume that A[0, a] C Jq U -^1 an d A[c, -ZZ] C Jq U J 2 . 
For i = 0,1,2 let Aj = A n ij, Zj = minAj, Uj = max Ai, and Jj = 1% n [Zj.^i]- Then 
we have ui ~ Z 2 ~ a. Suppose the lemma is not true. Then A satisfies (|VII|) . (|LX|) . and 
(|X)l . We again assume the maximality of |A| for A C J U J\ U J 2 satisfying (|VII|) . (|IX|) . 
and (JXj. By Lemma 14.11 we can prove that for each x, li ~< x ~< ui implies x € A. Then 
we can prove Aj = Jj by the same ideas as in the proof of Lemma 14.21 Now we can add 
u\ + 3,-ui + 6, u\ + 9, . . . successively to A such that the conditions (j V11D . IjlXf) . and (PQ) 
maintain true. But this process will eventually violate (|IX|) . □fLemma 14.4(1 
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Lemma 4.5 If there is a x ~ in A such that gcd(A[x, H] — x) = d > 1, then H + 1 ^ 
2\A\ -1 + 26. 

Proof: Since (fVj) is true, then d = 2. Let c = min{x G ^4 : gcd(A[x,ff] — x) = 2}. Then 
c ~ 0, c > 0, and A[c, H] is full. Let E be the set of all even numbers and O be the set of all 
odd numbers. Let A e = AdE and A Q = AnO. Let l e — min^4 e , l Q — miny4. , u e — max^4 e , 
and u = maxi„. 

Case 14.51 1 c is even. 

Then l e = 0, u e = H, and A e is full. We want to show H + 1 < 2\A\ -1 + 26. 
Let |2A e | = 2\A e \ -l + b e . Then 6 e ~ 0. By Theorem fOI we have f + 1 < |A e | + b e . 
On the other hand, by Theorem IA.41 

\A e + A \ ^ min{|A e | + 2\A Q \ - 2, — + \A Q \}. 

If f + \A a \ ^ \A e \ + 2\A Q \ - 2, then 

3\A\ -3 + 6= |2A| 

> 2\A e \ - 1 + 6 e + |^ e | + 2\A a \ - 2 
^3\A\-3 + b e -\A \. 

This implies 6 e ^ 6 + \A Q \. Hence + 1 ^ \A e \ + 6 e ^ \A\ + 6, which implies H + 1 ^ 
2|>1| -1 + 26. 

If § + \A \ < \A e \ + 2|A | - 2 = \A\ + \A Q \ - 2, then \A\ > § + 2, which contradicts 
(ITX1) . DfCaaelOll) 

Case 14.51 2 c is odd. 

Clearly, = l e and -ff = u Q . If Z Q > u e , then ^4 is a subset of a 6. p. Hence we can assume 
l Q < u e and need to show H + 1 ^ 2|^| -1 + 26. Suppose H + 1 > 2|A| -1 + 26. Let 

5 = {x£0[/ ,n ]: M^Zl <7>- 
x — < + 1 4 

If 5 / 0, let Z' = (max S) + 1. Otherwise, let V = l Q . Let 

T = {xeO[l ,u ]: MX > U °\ <!}. 

-u — x + 1 4 

If T 7^ 0, let it' = (minT) — 1. Otherwise, let u' = u Q . Note that l',u' G A Q . Since A 
is full, then V ~ Z Q and u' ~ u G . For each x G 0[Z',u ], we have > | and for any 

x G 0[Z ,u'], we have > |. By the pigeonhole principle 
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Let p = 0(1', u') - A (l', it'), p' = 0(1', V + u e ) - A (l', I' + u e ), and p" = p - p' . 
Let A = A U 0[l', u']. Then 2A a = 2A Q . Hence 

\2A Q \ = \2A a \ = 2\A Q \ -l + b = 2\A Q \ - 1 + 6 D - 2p. 

This implies, by Theorem IA.1| 

-{H - l ) + 1 < \A \ + b -2p= \A a \ + b -p. 

Subcase HH12.1 p" ^ 2\A e \. 
Since 

3|4| -3 + 6= \2A\ 

> \2A Q \ + \A e + A Q \ 

^ 2\A a \ - 1 + b Q + \0 + A [l ,l' + u e - 2}\ + \u e + A [l',H}\ 

> 2\A Q \ - 1 + b Q + A (l , l' + u e -2) + A (l', H) 

> 3\A\ -3 + b - 3\A e \ + A (l', I' + u e ) + 1, 

then b ^ b + 3\A e \ - A (l' , I' + u e ) - 1. Hence 

-(H-l ) + l^ \A \ + b -p 

< \A Q \+b + 3\A e \- A {l\l' + u e ) -l-p 

^ \A\ + 6 + (2\A e \ -p") -0(l',l' + u e ) - 1 

1 1 

< \A\ + b - -u e - 2 < \A\ + b - -u e . 

This implies H - l Q + 2 ^ 2\A\ + 2b-u e and 

H + 1 sC 2\A\ - 1 + 26 - (ti e - Z ) < 2|A| -1 + 26. 

□ (Subcase ES12.1) 
Subcase HIS12. 2 p" < 2|A e |. 

Since u'— (/'+it e ) >- and u e ~ 0, then there exists a i, if E 0[/'+2u e +l, u'— 2i( e — 1] such 
that if— t > max{u —u',l'—lo}a^-d\Ae\+A (t—Ue,t'+2u e ) > |u e +^+^+l because otherwise 
we can find three disjoint intervals of length if — t + 3u e + l for if —t= 2 + max{ii — u' , l'—l } 
in [I' + u e + 2, tt'] such that each contains at least \A e \ elements from the set O \ A Q . This 
contradicts the assumption p" < 2\A e \. Suppose H + 1 > 2\A\ — 1 + 26. We want to derive 
a contradiction by induction on the size of the counterexamples A' D A. 
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Suppose A' = A e U A' Q is the set with the maximum cardinality \A'\ such that A C 
A' a C 0[Z ,u ], |2A'| = 3|A'| - 3 + 6' for < b' < 6, and # + 1 > 2|A'| - 1 + 2b'. 

Claim 11312. 2.1 A' a [t, f + u e ] =0[t,t' + u e ]. 

Proof of Claim 1131 2. 2.1: Suppose the claim is not true and let g G 0[t, t' +u e ]\A' . Let 
A" = A' Q U {g} and A" = A e U A' D '. Note that if x G A' G %, tt ], then l Q + 1' < x + g < u + v! . 
Hence x + g £ (2A a ) C (2^4'). Let x G A e [0,ii e ]. Since 

l^el + A' a (g + x-u e ,g + x) 
= \A e \ + A' (t-u e ,t' + 2u e ) 

-A' Q (t - u e , g + x - u e - 2) - A' (g + x + 2, t' + 2u e ) 

3 i' - i t' - 1 

>-u e + — + l-u e - — 

1 

then {g + x - A e ) n + x - u e , g + x] ^ 0. Hence g + x £ A' + A e Q (2A'). Now we have 
that (2 A") = (2A'), which contradicts the maximality of \A'\ by Lemma 14.11 □(Claim 
14312.2. 1) 

Claim 11312. 2.2 A' [t' + u e + 2, H] = 0[t' + u e + 2, H\. 

Suppose the claim is not true and let g = min(0[i' + u e + 2, H] ^A' ). Let A" Q = A' Q U{g}, 
and A" = A e l>A". Then g > t' + u e . Note that if x G A"[l',u'], then l + V ^ x+g ^ u Q + u'. 
Hence x + g G (2A'). If x G ,4"[Z , I' - 2], then y = g — [V — x) £ Aj, by the minimality 
of 5 and Claim H312.2.1. Hence x + # = Z' + yG (24')- If x G A' '[u' + 2,H - 2], then 
x + 5 = H+(g-(H-x)) G (2,4') • If x G A e [0,« e -2], then x+g = u e + (g - {u e - x)) G (2,4'). 
From the arguments above, we have (2 A") \ (2A') C {If + g, u e + 5}, which contradicts the 
maximality of \A'\ by Lemma l4~Tl □ (Claim |j3j2.2.2) 

Claim S3J2.2.3 A' [l ,t-2] =0[l ,t-2]. 

Proof of Qaim l43l 2.2.3: Suppose the claim is not true and let g = m.ax.(0[l ,t—2]\A' ). 
Let A" = A' U {g}. Then (2A") \ (2 A') C {0 + 3, Z D + g}, which contradicts the maximality 
of □ (Claim E3J2.2.3) 

By the three claims above we have A' Q = 0[l ,u ]- 

Without loss of generality, we can assume that our original counterexample A satisfies 
A = 0[l ,u ]. Hence \A Q \ = + 1 or 2\A Q \ - 1 = H - l Q + 1. Note also that since 

H + l = H-l + l + l = 2\A\ -l + l Q - 2\A e \, we can assume that l D ^ 2\A e \ + 1. 



38 



Claim 13312.2.4 2l Q ^ u e + 4. 

Proof of Claim l4~5l 2.2.4: Suppose 2l Q u e + 2. For each even number z G E[u e , H — 1] 
let A z = Au E[u e , z]. Let 

S = {z£%,ff-1] : |2^| =3|A z |-3 + 6 2 ^3L4*|-3, 
6 2 < 6, and # + 1 > 2\A Z \ - 1 + 2b z }. 

Clearly, u e G S. For each z >- 0, \A Z \ = \A\ + E(u e + 2, z) y \H, which implies z S. Let 
zq = max S ~ 0. We now derive a contradiction. 

By Theorem [Ql we can assume b Zo > 0. Note that since 4«o+2| — |4sol ^> w ^ have 

H + 1 > 214* | - 1 + 2fe,o = 2|4 +2| - 1 + 2(b zo - 1). 

Since for each x 6 4^+2 n£, x+z +2 e £[2Z , 2#]. Hence (24*0+2) \ (24* ) ^ {z +2+-ff}, 
which contradicts the maximality of zq by Lemma 14. II □(Claim 14. 51 2. 2. 4) 

Let d! = gcd(4 e ). Then d! must be an even number. Let q = min(4 e [Z + l>it e ]) an d 
q' = max(4[0,/ o - 1]). 

Subsubcase EH2.2.1 d' > 4. 

First we can assume that u e = q by the following argument. 

Let A 1 = A \ A e [q + 2,u e ]. Then \A'\ = \A\ - A e (q + 2,u e ). Note that A e (q + 2,u e ) < 
^2 <; Since (24) C (24) \ 0[q + 2 + H, u e + 22] and C% + 2 + 22, u e + 22] C 

A e + A Q (2 A), then there is a 6' ^ such that 

3|4| -3 + 6' = |24[ 

< |2A| - ^ 

= 3(4-3 + 6-^ 

= 3|4| - 3 + 6 - Ue ~ q + 34 e (q + 2, M e ) 

< 3|4| -3 + b + A e (q + 2,u e ). 

This shows 6' ^ 6 + A e (q + 2, u e ). So 

22 + 1 > 24| -1 + 26 

= 2|4'| + 2A e (q + 2, 1^) - 1 + 26 
= 2|4|-l + 2(6 + 4(g + 2,u e )) 
^ 2\A'\ - 1 + 26'. 
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Hence A' is the desired counterexample. Now identify A with A' . 
Subsubsubcase 14.51 2.2.1.1 u e = l a + 1. 

Since q' < u e - d! < u e - 2, then q' + u e ^ 21 - 2 and q' + u e A e [0, q'\ + A e [0, g']. 
Hence we have (2A e ){Q, 2l - 2) ^ 2A e (0, q'). So we have 

\2A\ = \2A \ + \A Q + A e \ + (2^ e )(0, 2l D - 2) 

^2|4,|-l + |A o | + ^ + 2A e (0,g') 
u 

^ 3\A\ - 1 - 3\A e \ + y + 2|vl e | - 2 
^3L4|-3-L4 e | + ^. 

This shows — \A e \ + ^ ^ 6. On the other hand, 

H + l = 2\A \-l + l 

= 2\A\ - 1 + l Q - 2\A e \ 

<2|A|-l + Z + 2(6-^) 

= 2\A\ - 1 + 2b + (Z - u e ) < 2|^| -1 + 26. 

This contradicts the assumption that H + \ > 2\A\ — 1 + 26. □fSubsubsubcase l4.5l 2.2.1.1) 

Subsubsubcase B31 2.2.1.2 u e > l a + 1. 

Then we have 

\2A\ = \2A Q \ + \A Q + A e \ + (2A e )(0, 2Z - 2) 
^ 2|A,| " 1 + |A | + y + 2A e (0, q') - 1 
^3L4|-l-3|A e | + ^ + 2L4 e |-3 
^3|A|-3-L4 e | + y-l. 

This shows — |^4 e | + ^ — 1^6. On the other hand, 

H+l = 2\A \-l + l o 
= 2\A\ - l + l Q -2\A e \ 
< 2|A|-l + i + 2(6-y + 1) 
= 2|4| -l + 26 + (/ D -n e + 2) 
^ 2\A\ -1 + 26, 
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by the assumption u e > l + l. This again contradicts H+l > 2\A\ — 1+26. n(Subsubcase 

H332.2.1) 

Subsubcase H312.2.2 d! = 2. 

Subsubsubcase 11312.2. 2.1 \2A e \ = 2\A e \ - 1 + b e for some 6 e < \A e \ - 2. 
Since A e C E, then by Theorem [0 % + 1 ^ \A e \ + b e . We also have 

\2A\ = \2A Q \ + |2^ e | + \A Q + A e \ - (2A e )(2l ,2u e ) 

> 2|A | - 1 + 2|4| ~l + b e + \A \ + ^ - ^1_^£ _ i 

^ 3|A| - 3 - |4| + b e + y + l - U e , 

which implies — \A e \ + b e — % + Z ^ b. Hence 

u e H — L 

— + 1 + + 1 

2 2 

s$ |A e | + 6 e + = 4| + b e 

1 1 

^ \A\ + b+\A e \ + ^-l a . 

This implies u e + 2 + H - l Q + 2 ^ 2\A\ + 2b + 2\A e \ + u e - 2l Q . Hence 

H + 1 < 2|A| - 1 + 2b + (2|4| -l -2) < 2\A\ -1 + 26 

because 

41 = |4| + |4| = |4| + ^y^ + 1 < \{H + 1) 

implies / c > 2|4|- □(SubsubsubcaseOl2. 2.2.1) 

Subsubsubcase 13312.2.2.2 |24| ^ 3|4| - 3 and u e - l Q < 2|4| - 4. 
Since 

ZA 

|2A| = 24 | - 1 + [4,| + + (24)(0, 2l Q - 2) 

11 

= 3|4 - 3 + y - 3|4| + (24)(0, 2/ - 2) + 2, 
then ^ - 34 e | + (24)(0, 2l Q - 2) + 2 6. Hence + 1 = \A \ implies 



le 



H + l = 2\A\ -1 + Z -2|4 

11 

< 2|4 - 1 + l + 2(6 - y + 2\A e \ - (24)(0, 2/ - 2) - 2) 

< 24| - 1 + 26 + (4|4| - 4 - (u e - l ) - 2(24)(0, 2l - 2)). 
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Since 



(2A e )(0, 2l - 2) = (2A e ){0, 2u e ) - (2A e ){2l , 2u e ) 
> 3|A e | - 3 - (Ue - l + 1) = 3|A e | -4-u e + l , 

then 

4|As| - 4 - (« e - l ) - 2(240(0, 2l Q - 2) 

< 4|A e | - 4 - (u e - l ) - 2(3|A e | - 4 - u e + l a ) 

< -2|A e | + 4 + u e -J ^ 0. 

Hence # + 1 < 2\A\ - 1 + 26, a contradiction. □ ( Subsubsubcase H31 2.2.2.2) 

Subsubsubcase 14312.2.2.3 \2A e \ > 3|A e | - 3 and u e - l Q > 2\A e \ - 4. 
This time we use the fact that (2A e )(0, 2l Q — 2) ^ |0 + A e \ = \A e \ implied by Claim 
02.2.4. Since 

11 

\2A\ ^ 3\A\ - 3 + y - 3\A e \ + (2A e )(0, 2J G - 2) + 2 
> 3|A| -3 + y -2|Ae| +2, 

then ^ - 2|^ e | + 2 O- Hence 

H + l = 2\A\-l + l Q -2\A e \ 

XL 

^ 2\A\ - 1 + l Q + 2(6 - y + |A e | - 2) 
= 2|^| - 1 + 26+ (J - u e + 2|A e | - 4) 
< 2|A| -1 + 26. 

This ends the proof of the lemma. □ (Lemma 14. 5|) 

Lemma 4.6 Suppose A = A e U A , where A e = An E is the set of all even numbers in 
A and A Q = AD O is the set of all odd numbers in A. Let U{ = max^ for i = e,o and 
l D = minj4 Q . If (a) u e = H and u — l ~ or (b) H = u Q , -< l < u e ~< H , and u e — l D ~ 0, 
thenH + l < 2\A\ -1 + 26. 

Proof: The proof of (a) of the lemma is identical to the proof of Case 14.51 1. We sketch 
the proof of (b) using Lemma l4.ll It is easy to see that A e is full in E[0, u e ] and A D is full in 
0[l , H]. Suppose the lemma is not true. Following the same ideas as in the proof of Claim 
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Oi l. Claim Ol 2. and Claim Ol3. we can assume that A = E[0, u e ] UO[l ,H]. However, 
this implies 

\A\ = ^ + 1 + ^ + 1 = H + ^-lp) H + l 

2 2 2 2 

which contradicts (|IXj) . □ (Lemma I4.6[l 

Lemma 4.7 If A is a forward triangle from to if, i/ten H + 1 ^ 2|-A| — 1 + 26. 

Proof: Assume the lemma is not true and we need to derive a contradiction. Clearly we 
have djj{A) ^ ^. Furthermore we can assume djj{A) ^ | by the following argument: If 
djj{A) < |, then there exists y' y in A such that for all -< y ^ y' 

(2A)(0,2y)~2y = 3-~yy3A(0,y). 

If for every x y in A we have gcd(A[x, H] — x) > 1, then there is a it ~ in A such that 
gcd(^4[M, H] — u) > 1 by Lemma l2~71 This implies that for each x y we have A(0, x) ^ |x, 
which contradicts that A[0, H] is a forward triangle. Hence we can choose y with -< y ^ y' 
in A such that gca\{A[y,H] — y) = 1. By Lemma 12.31 we have \2A\ y 3\A\. Let 

z = max{x G f7 : .4.(0, x — 1) ^ 2 X -^' 

Note that the smallest possible value of z is 0. Note also that z is well defined because 
djj(A) ^ |. It is easy to check that z G A, A(0, z — 1) = ^z, and for every x ^ z in [7 we 
have A(z, x) > ^(x — z + 1) by the maximality of z. 
Define a by 

a = min{x G [z, .ff] : A(z, x) ^ -(x — z + 1)}. 

The number a is well defined by the fact that A(Q, z — l) = \z, H G A, and \ A\ ^ ~(il + !)• 
It is also easy to check that a ~ H, A[z, a] is a forward triangle from z to a, a $ A, and 
.A(z, a) = ^ (a — z + 1). If z ^ x < a, then v4(z,x) > ^(x — z + 1) by the minimality of a. 
Let a' = m&x(A[z, a]). 

Claim I47H1 : [z, a + z - 1] C (2A). 

Proof of Claim B771 1: Let x G [z, a + z — 1]. If x < 2z, then x -< i? ~ a. Hence 

11 1 

A(0, x) = A(0, z - 1) + A(z, x) > -z + -(x - z + 1) = -(x + 1). 

This implies A[0,x] n (x - A[0,x]) / 0. Hence x G (2,4). If x ^ 2z, then yl(z,x — z) > 
g(x — 2z + 1). Hence A[z,x — z] n (x — A[z,x — z]) / 0. This again implies x G (2.4). 
□ (Claim Ql) 
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Let c = min^fa + 1, H]). If 2a' < c, then a' + H ~ a' + c -< 2c. Hence ^4 is a subset of 
the 6. p. [0, a'] U [c, H]. So from now on in this lemma we can assume 2a' ^ c. 

Claim H7T1 2: Suppose 2a' ^ a+z and a+z < x < min{2a', c+z}. If (2vl) (a+z, x-1) < 
\{x — a — z), then x G {2 A). 

Proof of Claim 02: Since A(z, a) = |(o - z + 1) and A(a' + 1, a) = 0, then 

A(z + a - a', a') = A(z, a) - A(z, z + a - a' - 1) 

1 1 

^ -(a - 2 + 1) - (a - a') = -(2a' -z-a + l). 

Note that x — a' ^ a'. Since a' + ^4[a + z — a', x — 1 — a'] C (2A)[a + z,x — 1], then 
^4(a + z — a', x — 1 — a') < ^(x — a — z). Hence 

^4(x — a', a') = A(a + z — a, a') — A(a + z — a, x — a — 1) 
> -(2a' - z - a + 1) - -(x - a - z) = -(2a' - x + 1). 

This shows that A[x — a', a'] n (x — A[x — a', a']) + 1 0, which implies x € (2.4.). □(Claim 
Q2) 

Let 5 = (2^)[0,z - 1] \ A[0,z - 1]. 

Claim 14.71 3: Suppose 2a' < c + z and max{a + z, 2a'} ^x<c + z-l. If (2A)(x + 
1, c + z — 1) < |(c + z — x — 1), then x € {2 A) or x — c G S". 

Proof of Claim l4~Tl3: Assume (2A)(x + 1, c + z - 1) < |(c+ z - x - 1). Sincec + ^[x + 
1 - c, z - 1] C (2A)[x + 1, c + z - 1], then A(x + 1 - c,z - 1) < ±(c + z - x - 1). Hence 

A(0, x - c) = A(0, z - 1) - A(x + 1 - c, z - 1) 

11, 

> 2 Z ~ 2^ C + Z ~ X_1 ' ) = 2^~ C+1 ' ) ' 

Hence A[0,x - c] n (x - c - A[0,s - c]) ^ 0. This shows x - c G (2A)[0,« - 1]. If 
x - c G A[0, z - 1], then x G c + A[0, z - 1] C (2A). If x - c g" A[0, z - 1], then x - c G 5. 
□ ( Claim Q3) 

Claim liTFU: (24) (0, c + z) > 3,4(0, z - 1) + 2,4(z, a) - 1 + ±(e - a + 1). 

Proof of Claim I4~7l 4: The proof is divided into three cases for 2a' ^ c + z, 2a' ^ a + z, 

and a + z < 2a' < c + z. 

CaseHHl4.1: 2a' > c + z. 
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By Claim H771 2 we have (2A)(a + z, c + z — 1) ^ ^(c — o — 1) (this can be proven by 
induction on x S [a + z, c + z — 1]). Hence (2A)(a + z, c + z) ^ i(c — a + 1) because 
c + z G (2A). So we have 

(2A)(0,c + z) 

= (2A)(0, 2 - 1) + (2A)(z, a + z - 1) + (2A)(a + z, c + z) 
^ A(0, z-l) + a + ~(c-a + l) 

= 3A(0, z - 1) + 2A(z, a) - 1 + -(c - a + 1). 

□ (Case EUR 1) 
CaseH77l4.2: 2a'^a + z. 

By Claimll~7l3 we have (2 A) (a + z, c + z) ^ ~(c - a + 1) - |5[. Hence 

(2A)(0, c + z) = (2A)(0, z - f ) + a + (2A)(a + z, c + z) 
> A(0, z - 1) + \S\ + 2A(0, 2 - 1) 
+2A(z,a) _l + I( c -a + l)-|5| 

= 3A(0, z - 1) + 2A(z, a ) - 1 + -(c - a + 1). 

□ (CaseEZl4.2) 

Case 11771 4.3: a + z < 2a' < c + z. 

By Claim BZ7| 2 we have (2A)(a + z,2a') > |(2o'-a-z + l) and by Claim E33 we have 
(2A)(2a' + 1, c + z) > |(c + a? - 2a') - |5|. Hence 

(2A)(0, c + z) = A(0, z-l) + \S\ + 2A(0, z - 1) 

+2A(z, a) - 1 + (2A)(a + z, 2a') + (2A)(2a' + 1, c + z) 

> 3A(0, z - 1) + 2A(z, a) - 1 + -(2a' - a - z + 1) + -(c + z - 2a') 

> 3A(0, z - 1) + 2A(z, a) - 1 + -(c - a + 1). 

□ ( Claim 137714) 

We now prove the lemma. The proof is divided into two cases. The first case is easy 
and the second case is hard. 

Case ETUI H-c^ 2A(c+l,H) =2A(c,H) -2. 
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Since c - z + A(c, H) >- A(z, c) + 2A(c, H) - 2, then by Theorem FOl we have \A[z, c] + 
A[c, H] | ^ A(z, c) + 2A{c, H) - 2. Hence 

3|A| -3 + 6= \2A\ 

^ (2A)(0, c + z)-l+ \A[z, c] + A[c, H]\ + \H + A[c +1,H]\ 
^ 3,4(0, z - 1) + 2,40, a) - 1 + ^ ( c - a + !) - 1 

+A(z, c) + 2A(c, #) - 2 + A(c + 1, #) 
= 3A(0, z - 1) + 3A(z, a) + 3A(c, #) - 4 + -(c - a + 1) 

= 3|A|-3 + i(c-a-l). 

This shows ^(c — a — 1) ^6. Hence 

H + l = H-c + c-a-l + a-z + z + 2 

2A(c, ) - 2 + 26 + 2A(z, a) - 1 + 2,4(0, z - 1) + 2 
= 2|A| -1 + 26. 

□ (CasegHll) 

Case E32 H -c^z 2A(c + 1,H) + 1 = 2A(c, H) - 1. 

Note that Case l4~7l l covers the case for c = H. So we can assume c < H. First we 
prove a claim. 

Claim IH712.1 If (2A)(c + z,2fl") ^ ±(# - c) + A(c, H) + A(z,#) - 1, thenil + l ^ 
2\A\ -1 + 26. 

Proof of Claim IT771 2.1 By the assumption we have 

3|A| -3 + 6= \2A\ 

^ 3A(0, z - 1) + 2A(z, a) - 1 + -(c - a + 1) + (2A)(c + z, 2H) - 1 

^ 3A(0, z-l) + 2A(z, a) - 1 + -(c - a + 1) 

- c) + A(c, ff) + A(z, ff) - 2 

^ 3|A| - 3 + ~{H - c) - A(c, H) + -(c - a + 1). 

Hence |(ff - c) - A(c, 21) + |(c - a + 1) ^ b. This implies 

if + l = i?-c + c- a + l + a- z + z 

< 2(6 + A(c, F)) + 2A(z, a) - 1 + 2A(0, z - 1) 
= 2\A\ - 1 + 26. 
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□ (Claim Q2.1) 

By Claim H32.1 we need only to show that (2A)(c + z,2H) ^ \(H - c) + A(c, H) + 
A(z, H) — 1 is true. We divide the proof into cases according to the structural properties 
of A[c, H]. 

Subcase \£7±2.1 gcd(A[c, H] - c) = 1. 

Note that c ^ H and c ^ H— 1 by the condition of Case l4.7l 2. Since gcd(A[c, H] — c) = 1, 
then A(c,H) ^ 3 and H - c ^ 2A(c + 1,H) + 1 ^ 5. Since ^(A) ^ |, there is a t G U 
such that for all u ^ t in C7 we have A ^' u \ > | . Let u = t + H — c — 1. Then there is a 
non-negative infinitesimal r such that = ^rr^r ^ I — r- ^y Theorem I A. 41 we have 

{2A){c + z,2H) ^ \A[c,H]+A[z,H]\ 

^ \c + A[z,t-l]\ + \A[c,H]+A[t,u]\ + \H + A[u + l,H]\ 

^ A(z, t - 1) + min{# - c + u), A(c, H) + 2A(t, u) - 2} + A(u + 1, 



Since 



^- c = i(fr_c) + i(fr-c) 

>\{.H-c) + \(2A(c,H) 
= l(H-c) + A(c,H)-~ 



1) 



and 



4((,»)>(^-r)(if-c) 




— hr. 



by the fact that H — c ^ 5, then we have 



min{# - c + it), A(c, i?) + 2A(t, u) - 2} 



> - c) + A(c, H) + «) - I - Br. 
I o 



Hence 



(2A)(c + z,2H) ^ \A[c,H}+A[z,H]\ 

^ A(z, t - 1) + - c) + A(c, iT) + A(t, u) 
7 

-- - 5r + A(u + l,H) 
b 

= A(z, H) + A(c, H) + \{H - c) - 1 - (\ + 5r). 

2 b 
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Since (2A)(c + z, 2H) is an integer, then we have 



(2A)(c + z, 2H) ^ A(z, H) + A(c, H) + -(H - c) - 1. 



Now the lemma follows from Claim l4~Tl 2.1. □ (Subcase 14.71 2. 1) 

Subcase \£7±2.2 gcd{A[c, H] - c) = d > 1 but d ^ 3. 

Again let t G J7 n A be such that > | for all u ^ i in [/. 

Claim H7T12.2.1 For each x G A[c,fl], (2A)(i + c, i + x - 1) ^ A(c,x- 1) + |(x - c). 
Proof of Claim l4~Tl 2.2.1: We prove the claim by induction on i ) c. 
The case of x = c is trivially true. 

Suppose the claim is true for y G A[c, H — 1], Let x = minify + 1, iT]. Since [y + 1, x — 
1] H A = 0, and x — y = nd for some n > implies x — y = 2 ox x — y ^ 4, then 



for some non-negative infinitesimal r. Since either x — y = 2 or x — y > 3, and (2A)(t, + 
y, t + x — 1) is an integer, then we have 



(2A){t + y,t + x-l) > \y + A[t,t + (x-y)-l)\ 

= A{t,t + (x-y)-l) > (-- r )(x-y) 

1 1 

2 b 



{2A){t + y,t + x-l) ^ -(x 




y)+A(y,x-l). 



Hence 



(2A)(t + c,t + x- 1) 
= (2A){t + c,t + y - 
> A(c,y - 1) + -(y 

= A(c,x-l) + -(x 



l) + (2A)(t + y,t + x-l) 

- c ) + ^ ~ y) + A (y> x - !) 



c). 



□ (Claim H2J2.2.1) 



Following Claim |4~T1 2.2.1 we now have 



(2A)(t + c, t + H) = (2A)(t + c, t + - 1) + 1 

^ A(c, - 1) + 1{H - c) + 1 = A(c,H) + l(H - c). 
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This implies 

(2A){c + z,2H) ^ \A[c,H]+A[z,H)\ 

> \c + A[z, t-l]\ + (2A)(t + c, t + H) + \H + A[t + 1, H}\ 
^ A{z, t - 1) + ^(H - c) + A(c, if) + A(t + 1, £T) 

= l(H-c) + A(c,H)+A(z,H)-l. 
Now the lemma follows from Claim |4~T1 2.1. □ (Subcase 14.71 2.2) 
Subcase \£7±2.3 gcd(A[c, H] - c) = 3. 

Note that t,t + 1 G A. Suppose {x G A[z,a] : x - t = 2 (mod 3)} = 0. If c £ 
{t,t+ 1} (mod 3), then A[z,H] is a subset of the b.p. (t ± (3 * "N)) U (t + 1 ± (3 * *N)). 
Hence the lemma follows from Lemma 14.21 So we can assume that c G" {t,t + 1} (mod 3). 
This implies (A[c, H] + A[c, H]) n (A[c, #] + A[z, a]) = and hence 

\A[c,H]+A[z,H]\ 

^ [c + A[z, z + H-c-l]\ + \H + A[z, a] | + \A[c, H] + A[c, H] \ 
^ z + H-c-l)+ A(z, a) + 2A(c, H) - 1 
^ i(ff-c)+A(c,lO+A(z,iy)-l. 

Now the lemma follows from Claim 11771 2.1. So we can assume 

{x G A[z, a]:x-t = 2 (mod 3)} ^ 0. 

Suppose {x G A[t, u] : x — t = 2 (mod 3)} = 0, where u = t + H — c — 1. 
If {x G t-l]:x-t = 2 (mod 3)} / 0, let 

k = max{x G A[z, t — l] : x — t = 2 (mod 3)}. 

Then (k + A[c + l,H])n{c + A[z,t-l}) = and + A[c + D (A[c,H] + A[t,u]) = 0. 

Hence 

(2A)(c + z,2iT) 

> |c + A[z,i-l]| + |A[c,fl] + A[i,u]| + \k + A[c+l,H]\ + \H + A[u+l,H]\ 
^ A(z,t- 1) + [c + A[t,tt]| + \H + A[t,u]\ + A(c + l,H) + A(u + 1,H) 
^ A(z, t-l) + 2A(t, u) + A(c, H)-1 + A(u + 1, iT) 
^ A(z, iJ) + A(c, H) + -(« - t + 1) - 1 

= i(#-c)+A(c,tf)+A(z,tf)-l. 
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Now the lemma follows from Claim |4~71 2.1. 

If {x G A[z,u] :x-t = 2 (mod 3)} = 0, let k = min{x G A[u+l,a] :x-t = 2 (mod 3)}. 
Then [k + A[c,H]) n (A[c,H\ +A[z,k- 1]) = 0. Hence 

(2A)(c + z,2H) ^ \A[c,H]+A[z,H}\ 

^ |c + A[z, t - 1] | + | A[c, #] + A[t, u]\ + \H + A[u + l,k- 1] 

+\k + A[c,H]\ + \H + A[k + l,H]\ 
^ A(z,t- 1) + |c + + + 

+A(u + 1, jfe - 1) + A(c, H) + A(k + 1, H) 
^ A(z, t - 1) + 2A(t, it) + A(tt + 1, fc - 1) + A(e, H) + A(k + 1, H) 
^ A(z,H) - 1 + A(c,H) + ~(u - t + 1) 

= ±(H-c) + A(c,H) + A(z,H)-l. 

This implies the lemma. 

Now we can assume that {x G A[t, u] : x — t = 2 (mod 3)} ^ 0. For i = 0,1,2 let 

Ai = {x G .A[£, n] : x — t = i (mod 3)}. 

Clearly A; / for i = 0, 1, 2. By Theorem El 

\A[c,H]+Ai\ ^ mm{\(H-c) + \A i \, A{c,H) + 2\A i \ - 2}. 

Let Q = \A[c,H] + A[t,u]\ = Ya=o \ A foH] + M- Note tnat eacn term \ A h H ] + M in 
the sum has two possible lower bounds \{H — c) + \ A{\ or A(c, H) + 2|Aj| — 2. We divide 
the proof into the cases according to the different combinations of these lower bounds of 
\A[c,H] +Ai\ for i = 0,1,2. 

Subsubcase H32.3.1 Q ^ £- =0 (|Cff ~ c ) + \ A i\)- 

Together with the assumption of Case 14.71 2. this subsubcase implies 

Q^H - c + A(t, u) ^ -{H - c) + A{c, H)-- + A(t, u). 

Hence 

(2A)(c + z,2H) ^ \A[c,H]+A[z,H}\ 

> |c + A[2,t-l]| + Q + \H + A[u + 1,H]\ 

^ A(z, t - 1) + - c) + A(c, ff) - - + A(t, u) + A(u + 1, H) 
>^(H-c) + A(c, H) + A(z, H) - 1. 
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Now the lemma follows from Claim |4~71 2.1. □ (Subsubcase 14*771 2. 3.1) 

Subsubcase H7712.3.2 Q ^ Td=o(U H ~ c ) + IM) + A(c, H) + 2\A 2 \ - 2. 
Then Q > |(JJ - c) + A(i, u) + A(c, H) + \A 2 \- 2. Hence 

(2A)(c + z,2H) ^ \A[c,H]+A[z,H]\ 

^ \c + A[z,t-l]\ + Q + \H + A[u+l,H]\ 

^ A(z, t-l) + -(H-c) + A(t, u) + A(c, H) + \A 2 \-2 + A(u + 1, H) 
> - c) + A(c, fT) + A(z, fT) - 1. 

□ (Subsubcase E12.3.2) 

Subsubcase HTJ2.3.3 Q > - c) + |A |) + ELi(^( c >#) + 2 I^I ~ 2 )- 

If H - c = 3, then A(c, if) = 2 and A[i, u] = {i, t + 1, t + 2}. Hence | A[c, iZ] + A; | = 2 = 
— c) + | AJ, which implies the assumption of Subsubcase 14.71 2.3.1. So we can assume 
H - c ^ 6 and A(c,H) > 3. Since A(t,u) ^ (§ - r)(il - c) and |A | < \{H - c), then 
|Ai| + |A 2 | > (±-r)(tf -c) for some non-negative infinitesimal r. Hence 

Q > i(fT - c) + A(t, u) + 2A(c,H) + |A X | + |A 2 | - 4 

^ \{H - c) + ( \ - r){H - c) + A{t, u) + 2A(c, H) - 4 

> i(fT - c) + (i - r)(# - c) + A(i, «) + A(c, H) - 1 
2 o 

>^(H-c) + A(t, u) + A(c, H) - 1. 

Hence again 

(2A)(c + z,2#) > |A[c,Jf] + A[z,il]| > -(If-c)+A(c,Jf)+A(z,Jf)-l. 

□ (Subsubcase E12.3.3) 

Subsubcase Ii7fl2.3.4 Q ^ £^ =0 (A(c, If) + 2|A*| ~ 2 )- 
Again we can assume H — 6 and A(c, iZ) ^ 3. Then 

Q ^ 3A{c,H) +2A(t,u) -6 

^A(t,u) + -{H-c) + A{c,H), 

for some non-negative infinitesimal r. Hence Q > A(t, u) + — c) + A(c,H) — 1. This 
implies 

(2A)(c + *,2ff) > |A[c,fl]+A[0,fll| > hH - c) + A(c,H) + A(z,H) - 1, 
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which again implies the lemma. The rest of the cases can be proven by symmetry of the 
proofs above. □(Lemma I4.7JI 



Lemma 4.8 Suppose -< s -< H such that A[0, s] is a backward triangle from to s and 
A[s + 1, H] is a forward triangle from s + 1 to H. Then H + 1 ^ 2|A| — 1 + 26. 

Proof: Let 

s s + H 1 

u = min\x : — < x < — - — and A[U, x) ^ ~(x + 1)}. 

Clearly u >z s because A[0, s] is a backward triangle. Also u ■< s because otherwise 

A(0, u) ~ A(0, s) + A(s, u) >- ^s + i(tt - s) ~ \i. 

Hence we have u ~ s. It is easy to see that u € A and A(0, u) = ^(u + 1) by the minimality 
of u. Also by the minimality of u we have that for any -< x ^ u, A(x, u) > — x + 1). 
Let 

A = {x:u + l^x< — — — and A(u + l,x) — (x — u)}. 

If X 0, let z = 1 + max A. Otherwise let z = u + 1. It is also easy to see that z € A, 
z ~ u, and + 1, z - 1) = \{z - u - 1). Since A(0, z - 1) = A(0, H) ^ ±(H + 1), and 
H G A, then the number a below is well defined. 

a = min{x : z ^ x < H and j4(z,x) ^ — (x — z + 1)}. 

Clearly a<H,a^H,a^A, and a) = \{a— z+1). By the minimality we have that for 
any z ^ x < a, A(z, x) > ^(x — z + 1). Now let a' = max(^4[z, a — 1]) and c = min(vl[a, H\). 
Since a' h ^f- and z y 0, then 2a' >- c. Let S = (2A)[0, z - 1] \ A[0, « - 1]. 

Without loss of generality we can assume that A[z, H] is not a subset of a b.p. of 
difference 3 by the following reason: 

Suppose not. By symmetry, we can also assume that there is a z' ~ z such that A[0, z'\ 
is a subset of a 6. p. of difference 3. Now the lemma follows from Lemma 14.41 

The rest of the proofs are almost identical to the proofs of Lemma 14.71 We will refer to 
the proofs of Lemma 14.71 when the steps are the same and add more proofs when the steps 
are not the same. 

Claim 14311: [z, a + z - 1] C (2A). 

Proof of Claim "4~""", 1: The proof here is slightly different from the proof of Claim 14*771 1. 

If 2z ^ x < a + z, then z ^ x — z < a. Hence A(z, x — z) > — 2z + 1). This implies 
A[z, x — z]n(x — A[z, x — z]) j^z 0. Hence x G (2A). Suppose z ^ x < 2z. Then ^ x — z < z. 
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If -< x—z ^ u, then A(x-z, z) = A(x-z,u)+A(u+l, z) > ~(u—x+z+l)+^(z—u-l)+l > 
2(22— x+l). Hence A[x—z, z](~](x—A[x—z, z\) 7^ 0, which implies x G (2A). liu < x—z < z, 
then by choosing a y >~ with y -< min{a— z, u} we have A(x—z—y, x—z)+A(z, z+y) >- y+1. 
Hence A[x — z — y, x — z]n(x — A[z, z + y\) 7^ 0, which implies x G (2A). Suppose x — z ~ 0. If 
A(0,x-z) ^ ^(x-z+l), then by A(z, x) > ~(x-z+l) we have A[0, x-z]n(x-A[z, x]) / 0, 
which implies x G (2A). li A(0,x-z) < \(x-z + l), then A(x- z + 1, z-1) > \{2z — x — 1). 
Hence -A[cc — z + 1, z — 1] n (x — A[x — z + 1, z — 1]) 7^ 0, which again implies x G (2.A). 
□ (Claim Oil) 

Claim H78l 2: Suppose 2a' > a+z and a+z < x < min{2a', c+z}. If (2^4) (a+z, a?— 1) < 
2-(x — a — z), then x G 2A. 

Proof of Claim BTH1 2: The proof is identical to the proof of Claim H771 2. □(Claim 
Ol2) 

Claim 14.81 3: Suppose 2a' < c + z and max{a + z, 2a'} ^ x < c + z - 1. If (2A)(x + 
1, c + z — 1) < |(c + z — x — 1), then x G (2A) or x — c G 5. 

Proof of Claim EEJ3: Identical to the proof of Claim OJ3. □ (Claim Ol3) 

Claim SH4: (24) (0, c + z) > 3,4(0, z - 1) + 2,4(z, a) - 1 + ±(c - a + 1). 

Proof of Claim H~Hl 4: The proof is divided into three cases for 2a! ^ c + z, 2a' ^ a + z, 

and a + z < 2a' < c + z. 

Case 11314.1: 2a' ^ c+z. 

Identical to the proof of Case04.1. □ (fia.se OU.1) 
Case 147814.2: 2a' ^ a + z. 

Identical to the proof of Case OJ4.2. □ (Case 014.2) 

Case 11751 4.3: a + z<2a'<c + z. 

Identical to the proof of Case EZ|4.3. □ (Case 014.3) 

Now we prove the lemma. The proof is divided into two cases. 

CaseHTgll H - c < 2A(c + 1, H) = 2A(c, H) - 2. 
Identical to the proof of Case 147711. □( Case Oil) 

Case HIH12 H - c ^ 2A(c +1,H) + 1 = 2A(c, H) - 1. 

Claim HT512.1 If (2A) (c + z, 2fT) ^ \[H - c) + A(c, if) + A(z,H) - 1, then H + 1 < 
2|A| -1 + 26. 

Proof of Claim Ol 2.1 Identical to the proof of Claim Ol 2.1. □ (Claim OJ2.1) 
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By Claim |Oj2.1 we need only to show that (2A){c + z,2H) ^ \{H - c) + A(c,H) + 
A(z, H) — 1 is true. We divide the proof into cases according to the structural properties 
of A[c, H). 

Subcase \%M2.1 gcd(A[c, H) - c) = 1. 

The proof is the same as the proof of Subcase 14.71 2.1 except that the term U needs to 
be replaced by the term z + U throughout the remaining of the proof of the lemma. Note 
that we can also assume that d z+u ^ | by the same reason as stated at the beginning of 
the proof of Lemma 14.71 □ (Subcase 14.81 2.1) 

Subcase HH12.2 gcd{A[c, H] - c) = d > 1 but d ^ 3. 

Claim rOl2.2.1 For each x € A[c,H], (2A)(t + c, t + x - 1) ^ A(c,x- 1) + \(x-c). 
Proof of ClaimETSl2.2.1: Identical to the proof of ClaimET7l2.2.1. □CClaimOl2.2.1^ 

Following Claim |4~%1 2.2.1 we now have 

(2A)(t + c,t + H) = (2A)(t + c,t + H-l) + l 

> A(c, H-l) + l -{H-c) + l = A(c,H) + 1 -{H - c). 

This implies 

(2A)(c + z,2H) ^ \A[c,H]+A[z,H]\ 

> \c + A[z, t-l]\ + (2A)(t + c,t + H) + \H + A[t + 1, H] \ 

> A(z, t-l) + hH-c) + A(c, H) + A(t + 1, H) 

= ~(H-c) + A(c,H)+A(z,H)-l. 

Now the lemma follows from Claim |4~%1 2.1, □ (Subcase 14.81 2.2) 
Subcase BH12.3 gcd(A[c, H] - c) = 3. 

the proof is identical to the proof of Subcase 14. 71 2. 3. Note that we assume {x € A[z, a] : 
x — t = 2 (mod 3)} in the beginning of the proof of this lemma. □fLemma 14.8(1 

Lemma 4.9 Suppose A = A[0, s]LiA[s+l,H] with ~< s -< H such that A[0, s] is a backward 
triangle and A[s+1, H] is a subset of an a.p. of difference d > 1 . Then H +1 ^ 2\A\ — l + 2b. 

Proof: Since (|Vj) . we have A(s + 1, H) ~ \{H — s), which implies d = 2. Let E be the set 
of all even numbers and let c = min + H]. Then c ~ s and A[c, H] is full. Without loss 
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of generality we can assume that s G A and c — s is odd. By the pigeonhole principle and 
Lemma 12.71 we can find e ~ 2c and e' ~ 2H such that E[e, e'\ = (A[c, H] + A[c, H])[e, e']. 

Claim fOl l: If s ~< x ~< s + H, then x G 2A. 

Proof of Claim |4~§U : If s -< x -< 2s, then -< x — s -< s. Hence ^4(x — s,s) >- 
^(2s — x + 1). So A[x — s,s]n (x — A[x — s, s]) / 0, which implies x G 2 A Now we assume 
2s ^ x -< s + H. Let zi = [§]. Then 2z± ~ a; -< s + H implies z\ — s -< H — z\. Choose a y 
with z\ — s -< y -< mm{H — z\, z\}. Then -< z\ — y ~< s. Hence 

M z i - y, z i) ~ - s ) + + Mi) 
>- ^(s - *i + y + 1) + \( z i - *) = \{y + 1) 

and A(x — z\,x — z\ + y) ~ ^(y + 1). Hence — y, £i] n (x — A[x — z\,x — z\ + y\) ^ 0, 
which implies x 6 2 A. □ (Claim 14.91 1) 

Now let's assume that the lemma is not true. Let A 1 C [0, H] be the set with the largest 
cardinality \A'\ such that A[s + l,H] C A'[s + l,ff]C(s + l + A'[0,s] = A[0,s], and 
satisfying (|VII|) . (|IX|) . and with ^4 replaced by A' and 6 replaced by b'. We will derive 
a contradiction. 

Claim ETTfl2: A'[*+l,fT] = (s + 1 + E)[s + 1, J3]. 

Proof of Claim 14.91 2: The proof is divided into three cases. Let x G (s + 1 + E) be 
such that s + 1 ^ x ^ -ff . We want to show that x G A 1 . 

Case 11102.1 s -< x -< *±^. 

Suppose x g" A'. Let A" = A' U {x}. For each y G A'[s + l,iT] U {x}, x + y £ 
E[e, e'] C 2^4 C 2.A', and for each y G -4'[0, s] we have s^x + y^s + ^-te^, which implies 
s -< x + y -< s + H. Hence x + y G 2^4 C 2 A' by Claim Oil. So 2 A" = 2A', which contradict 
the maximality of \A'\ by Lemma 14. II D(Case 14.91 2.1) 

Case 14312.2: x ^ s + 1 and x ~ s + 1. 

Suppose x j4'. Without loss of generality we can, by Case 14.91 2.1. assume 
x = max((s + 1 + E)[s + 1, — ] \ A'). 

Let y G A" = A' U {x}. 

If ~< y -< s, then ^4(y + 1, s) >- |(s — y) and ^4(x — (s — y), x — 1) >- i(s — y). Hence 
i4[y + 1, s] Pi (x + y — j4[x — (s — y), x — 1]) ^ 0, which implies x + y G ^4[y + 1, s] + A[x — 
(s-y),x-l] C (2A')« 
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If y ~ s and y ^ x, then choose a z -< y such that y — z ^ H — s. Hence A(z, y — 1) >- 
i(y-z) and A(x+1, x+(y — z)) ~ f(y— 2) imply A[z, y-l]C\(x+y-A[x+l,x+(y— z)]) / 0, 
which implies x + y £ {2 A) C (2,4'). 

If a; < y ~< H, then choose a z with H ^ z y y such that z — y ~< s. Hence A(y + 1, z) ~ 
andA(x-(z-y),x-l) >- \{z-y) imply A[y+l, z)Ci(x+y-A[x-(z-y),x-l]) ^ 0, 
which implies a; + y G (2^4') • 

If y ~ i7, then y G (s + 1 + Hence x + y is even and 2s -< x + y ~< 2H. Now we have 
x + y G £[e,e'] C (2A'). 

If y ~ 0, y > 0, and y is even, then x + y G ^4' by the maximality of x. Hence 
x + y = + (x + y)G {2A'). 

If y ~ 0, y is odd, and y > I = minjz G A' : z is odd }, then x + (y — /) G A'. Hence 
x + y = / + (x + y-/)G (2A'). 

By the arguments above we conclude that (2A") \ (2A') C {x,x + /}. Hence \2A"\ ^ 
1 2^4' I + 2, which contradicts the maximality of \A'\ by Lemma |4.1l So we conclude that 
x G A'. D(CaseEO]2.2) 

Case 14312.3: ^^x^H. 

Suppose again x g" A'. Let x = min(A'{ 3s + H , H)). By Case 14.91 2.1 we have x y 
Let y G A". 

If s + 1 < y -< H, then x + y £ E[e, ef] C (2A'). 

If ^ y -< s, then s^x + y^s + i/, which implies, by Claim [Oi l, x + y G 2yl'. 

If y < H and y ~ H, then x — (-ff — y) G ,4' by the minimality of x. Hence x + y = 
H+{x-H + y) G 2A'. 

If y < s, y ~ s, and s — y is odd, then s + 1 — y is even and x — (s + 1 — y) £ A' by the 
minimality of x. Hence x + y = s + l + (x — s — 1 + y) G 2^4'. 

If y < s, y ~ s, and s — y is even, then x — (s — y) G A'. Hence x+y = s+(x — s+y) G 2^4'. 

By the arguments above we conclude that (2,4") \ (2^4') C {s + x,x + H}, which 
contradicts the maximality of \A'\ by Lemma 14. II □fClaim 14.91 2) 

Now we are ready to prove the lemma. Without loss of generality we can assume that 
the set A is already in the form of the set A' in Claim 1131 2. Let u = min({z G A[s + 1, H\ : 
A[0, z] is not a subset of a b.p.}). Note that if there is a v y s such that A[0, v] is a subset 
of a b.p. of difference d, then |2^4| ~ 3|^4| implies that A[0, v] is full in the b.p. Hence d = 1 
or d = 3 because ^4[0, s] is a backward triangle. However, A[s + l,v] is a full subset of an 
a. p. of difference 2, which contradicts d = 1 or d = 3. Hence we have u ~ s. By (|IX|) and 
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A(u,H) = \{H -u) + 1 we have A(0,u) = \A\ - A(u,H) + 1 ^ ^ - S=a = ±(u + l). 
Let \A[0,u] + A[0,u]\ = 3A(0,u) -3 + 5. If b < 0, then by Theorem IA~T1 we have u + 1 < 
24(0, u) — 2 + b < 24(0, u) — 2, which contradicts A(0, u) ^ |(it+ 1). Hence we can assume 
6^0. Clearly 6 ~ because otherwise we would have \2A\ y 3\A\. By Lemma 14.71 we have 
u + 1 < 2,4(0, u) - 1 + 26. Hence 

3|A| -3 + 6= |2A| 

> |4[0, it] + A[0, u}\ + |s + A[u + 2, + [y% + 2, if] + fl] | 
^ 14(0, it) - 3 + 6 + A(u + 2, fl") + 2A(u + 2, if) 
= 3|4[ -3 + 6. 

Above shows 6^6. Hence 

i? + l = F- ii + n + l 

< 2A(u + 2,H) + 2A(0, it) - 1 + 26 
= 2|A| - 1 + 26 <2|A|- 1 + 26, 

which contradicts H + 1 > 2[v4| -1 + 26. Df Lemma I4.9j) 

Lemma 4.10 If d v {A) > \, then H + 1 < 2|A| -1 + 26. 

Proof: If d[/(j4) > ^, then there exists ai!»0 such that A[0,x] is a forward triangle. If 
x ~ H, then the lemma now follows from Lemma 14.71 If x -< H, then the lemma follows 
from Lemma 13.51 □(Lemma 14. 10(1 

Lemma 4.11 Let djj(A) = I. // there is a x >- in A such that gcd(A[x,H\ — x) = 1, 
then ACiU is either a subset of an a. p. of difference > 1 or a subset of a U -unbounded b.p. 

Proof: The lemma follows from Lemma 12.41 and Lemma 12.21 □fLemma l4.11() 

Lemma 4.12 Let djj(A) = \- If AnU is a subset of a U -unbounded b.p., then H + 1 ^ 
2\A\ -1 + 26. 

Proof: Suppose AnU is a subset of a [/-unbounded b.p. of difference d. Since djj(A) = i, 
then d = 3 or d = 4. Let J = d * *N and Zi = c + (d * *N) where c = min{z G A : z ^ 
(mod d)}. Then A n U C J U Ji. Since d = 3 or d = 4, then gcd(c, d) = 1. By Lemma Ol 
we can assume that there is an a >- in A such that gcd(A[a, H] — a) = 1. 
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Case WTTR l. d = 3. 

We want to show this case implies |2A| y 3|A|, hence d = 3 is impossible. 

By Lemma l2.4l it suffices to show that for 7 = ^ and for every N y there is a K € A 
with -< K $J N such that (jlllj) is true. Suppose N y is given. Let < e < i. Without 
loss of generality we can re-choose a so that a ^ N, A[0, a] C JqU/i, and for every -< y ^ a 
we have A(0,y) y (\ ~ e )V- Choose a x with -< x -< such that A(0,x) H (± + e)x. 
Let IT = min{z ^ x : z, z — 1 £ A}. It is easy to see that A(x,K) -< \{K — x) because 
for any two consecutive numbers in (Jo U Ii)[x, K — 1], at least one of them is not in A. 
Hence we have that K < 2x -< a and A(0,K) ^ (\ + e)K. Note that K,K — 1 £ A. So 
the shortest 6. p. containing A[0, K] must have length L ~ |if. Let Aj = A[0, K] n ij for 
i = 0, 1. Since |Ao| ^ 3 if, then \A\ \ = A(0, if) — \ Aq\ y — e)if. By the same reason we 
have I A) I b (a - e)K. Let |A[0, if] + A[0, if]| = 3A(0, if ) - 3 + & for some integer 6. Since 
A[0, if] is a subset of a 6. p., then 6^0. 

If 6 ^ ±,4(0, if) - 3, then 

(2A)(0, 2if) >= 3A(0, if) + ^A(0, if) ^ 3A(0, *Q + - e)if, 

which implies (jlllj) . 

If 6 < ±A(0, if) - 3, then by Theorem [O we have that 

\k ~ L < A(0, if ) + 6 r< (i + e)if + b. 

Hence b y (g — e)if . So we have 

(2A)(0, 2if ) t 3A(0, K) + by 3A{0, if) + ^-K, 

which again implies (jlllj) . This ends the proof. DfCase 14.121 1) 
Case l4T2l 2: d = 4. 

Without loss of generality we assume € io and 1 £ ii. Suppose A is not a subset of a 
6. p. We want to derive a contradiction. Let 

c = min{z € [0, ii] : A[0, z] is not a subset of a 6. p. of difference 4}. 

Let A[0, c-l}= A UAt where Aj = A[0, c - 1] n ij for i = 0, 1. Then |A;| >- for i = 0, 1 
because otherwise djj(A) ^ 7. Note that since d = 4, then there is an i = or i = 1 such 
that (c + Aj) n I A[0, c — 1] + A[0, c — 1] | =0. Hence we can assume c ~< H because otherwise 
|2A| y 3|A| + \c + Ai\ y 3|A|. 
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Subcase g332.1: A(c, H) y \{H - c). 

By Lemma 12.61 there exist x ~< c ~< y ^ H such that A[x, y] is a backward triangle and 
A(y,H)~i(H-y + l). 

If x y 0, then the lemma follows from either Lemma 13.51 or Lemma 13.71 so we can 
assume x ~ 0. 

If y ~ H, then the lemma follows from Lemma 14.71 So we can assume y < H. If for any 
y -< y' ~< H in A, gcd(A[y',H] — y') > 1, then the lemma follows from Lemma 14.91 So we 
can assume that there is a y' G A, y -< y' -< £[ such that gcd(^4[y', if] — y') = 1. 

If d y+ u(A) > g, then by Lemma 12 .61 there is a y -< z ^ f[ such that A[y, z] is a forward 
triangle. Now the lemma follows from Lemma 14.81 if z ~ H. If z -< H, then by Lemma 13.51 
\2A\ ~ 3\A\ implies that A[y,H] is a full subset of a 6. p. [y,z'\ U Hence A[y, H] is 

the union of a forward triangle A[y, 2z' — y] and a backward triangle A[2z' — y + 1, H\. Now 
the lemma follows from Lemma 13.41 

If dy+u < 1' then by Lemma [2.61 there are y ^ z ^ z' ^ H such that A[z, z'\ is a 
backward triangle and A(z',H) ~ f(-fi — 2'). Now the lemma follows from Lemma |3.5I 
because A[0, z'] cannot be a full subset of a 6. p. of difference 1 or 3. 

Assume d y+u (A) = |. Since A[0, y] is a backward triangle, then we can assume A(y,y + 
3) ^ 3. Hence (A — y) DU is neither a subset of an a. p. of difference > 1 nor a subset of a 
[/-unbounded b.p. of difference d 7^ 3. If (^4 — y) n f7 is a subset of a [/-unbounded b.p. of 
difference 3, then by the proof of Case 14.121 1 we have \ A[y, H] + A[y, H]\ y 3^4(y, H), which 
implies 1 2^4 1 >- S\A\. Note that if there is an y' ~ y in A such that gcd(vl[y / , H] — y') = d' > 1, 
then d! = 2 and the lemma follows from Lemma 14.91 So we can assume that (A — y) DU is 
neither a subset of an a. p. of difference > 1 nor a subset of a [/-unbounded b.p. and there 
is a y' y y in A such that gcd(A[y' , H] — y') = 1. Now the lemma follows from Lemma 12.21 
Lemma l2~H and Lemma 1231 □fSubcase ETT2l 2.1) 

Subcase W7TR 2.2: A(c, H) <\(H - c). 

By (0 we have A(c,H) ~ \(H - c). Since \A U Ai\ = A(0,c - 1) ~ \c + \c and 
gcd(^4o) = gcd(Ai — 1) =4, then is full for i = 0,1. Hence we can find a d ~ c in 
A such that gcd(A[c',H] - d) = 1. Since there is an i £ {0,1} such that (2^4) (0,2c) h 
3,4(0, c - 1) + |c + Ai\ y 3A(0, c), then by Lemma l2~51 we have |2A| >- 3|A|. □(Lemma 
l4^T2l 

Lemma 4.13 Let djj(A) = \. If A n U is a subset of an a. p. of difference > 1, then 
H + 1 < 2UI -1 + 26. 



59 



Proof: Let l a = min{x € A : ged(4[0, x}) = 1}. Since djj{A) = i, then gcd(A[0, Z G - 1]) = 
2 and / is odd. 

Case 14.131 1: There are -< a ~< c ^ H such that A[a, c] is a backward triangle and 
A{c,H)~\{H-c). 

Note that l Q -< c. By Lemma EU we have either |^4[0,c] + A[0, c]| >- 3A(0, c), which is 
impossible because it implies |2A| >- 3|v4_| by Lemma 12.31 or A[0, c] is a full subset of a b.p. 
[0,x] U [x',c], which contradicts djj{A) = |, or A[0, c] is a full subset of a 6. p. of difference 
3, which again contradicts djj(A) = 5. □ (Case 14.131 1) 

Case I4T31 2: A(l a , H) y \{H - l a ). 

By lemma l2~B1 there are ^ y -< l Q -< y' ^ H such that A(y', H) ~ |(#- y') and y'] 
is a backward triangle. Without loss of generality we can assume that A(y' , y' + 3) 3. By 
Case 14.131 1 we can assume y ~ and by Lemma 14.71 we can assume y' -< H. 

Subcase I4TT51 2.1: d yl+u (A) > \. 

By Lemma 12.61 there is a z y y' such that A[y',z] is a forward triangle. If z ~ -ff, 
then the lemma follows from Lemma 14.81 So we can assume z ~< H. By Lemma 12.31 we 
can assume + j4 [?/,.£/] | ~ 3A(y',H). By Lemma 13.51 this implies that A[y',H] is 

either a full subset of a b.p. of difference 1 or a full subset of a 6. p. of difference 3. Note 
that A(z,H) ~ — z). So iJ] cannot be a full subset of a 6. p. of difference 3 
because that would imply A[z,H] ~ |(i? — z) -< |(il — z). If iT] is a full subset of 
the b.p. [y',c'j U [c, iJ], then c ~< H because otherwise A[y',H] is a forward triangle, which 
contradicts z ~< H. However, c -< H implies that A[y', H] is the union of a forward triangle 
A[y',2c' — y] and a backward triangle A[2c' — y + l,H], which implies \2A\ y 3\A\ by Lemma 
l3~l □ (Subcase EH212.1) 

Subcase |mni2.2: d y , +u {A)<\. 

By Lemma 12.61 there are y' ^ z -< z' ^ H such that A[z, z'\ is a backward triangle and 
A(z',H) ~ |(# - z' + 1). By Lemma 1331 we have \A[0,z'] + A[0,z']| >- 34(0, z') because 
A[0,z'] cannot be a full subset of a b.p. of difference 1 or 3. Hence \2A\ y 3\A\ by Lemma 
1231 □ (Subcase Birj 2.2) 

Subcase I4TT51 2.3: ^, +t/ (A) = |. 

If for every x y y' in j4, gcd(^4[x, -ff] — x) > 1, then there is an x ~ y' such that j4[x, i?] 
is a subset of an a. p. of difference 2. Hence the lemma follows from Lemma 14.91 So we can 
assume that there is a x y H in A such that gcd(A[x, H] — x) = 1. 
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Note that A(y', y' + 3) ^ 3. Hence (A — y')nU is neither a subset of an a.p. of difference 

> 1 nor a subset of a [/-unbounded of difference d ^ 3. If (.A— y')C\U is not a subset of a 
[/-unbounded 6. p. of difference 3, then the lemma follows from Lemma l2.4l and Lemma 12.31 
If (A-y')nf/isasubset of a b.p. of difference 3, then again \A[y',H]+A[y',H}\ y 3A(y',H) 
by the proof of Case l4~T2*l l. which again implies \2A\ y 3\A\ by Lemma |2,3I □(Case 

E3HJ2) 

Case I4TT51 3: A(l a , H) ■< \{H - l D ). 

Since A(0,l o ) ^ \l a , then we have A(0, l ) ~ and A(l ,H) ~ |(H — l a ). Let 
it e = max(A[0, l a — 1]). Then u e ~ Z Q and A[0, u e ] is full. 

Subcase I4TT51 3.1: dj o+u (A) > ± 

By Lemma |2.6I there is a y >- / D such that A[Z ,y] is a forward triangle. If y ~ 
then the lemma follows from Lemma 14.91 So we can assume y ~< H, which implies that 
A[l a , H] cannot be a full subset of a b.p. of difference 3. By Lemma 12.31 we can assume that 
|A[Z ,i7] +j4[/ ,i^]| ~ 3A(l Q ,H). Hence by Lemma 13.51 A[L. H] is a full subset of a b.p. 
[l ,z] U [z',H] for some l D -< z ~< z' ^ H. If z' ~ -ff, then A[Z ,iJ] is a forward triangle, 
which contradicts y ~< H. If -< -ff, then A[2z' — H, H] is a backward triangle. Now the 
lemma follows from Lemma 13.41 □ ( Subcase 14. 131 3.1) 

Subcase I4T31 3. 2: d lo+u (A) < \. 

By Lemma 12.61 there are l Q ^ z -< z' ^ H such that A[z, z'\ is a backward triangle 
and A(z',H) ~ ^(-f^ — £ ; + 1)- Now the lemma follows from Lemma 13.51 or Lemma 13.71 
□ (Subcase IH3 3.2) 

Subcase I4TT51 3.3: d lo+u (A) = \. 

If there exists a x ~ l in A such that gcd(A[x,H] — x) = d > 1, then d = 2 and the 
lemma follows from Lemma 14.61 So we can assume that there is a, x y l Q va. A such that 
gcd(A[x,H]-x) = 1. Since |2A| ~ 3|A|, then |A[0, Z ] +A[0, l ]\ ~ |A[0, it e ] + A[0, u e ]| + |Z + 
A[0, it e ] | ~ 3A(0, Z ) implies that A[0, u e ] is full. Without loss of generality we can assume 
u e , u e — 2, u e — 4 G A. Hence (A — (u e — 4)) n U is neither a subset of an a.p. of difference 

> 1 nor a subset of a [/-unbounded b.p. Now the lemma follows from Lemma 12.21 Lemma 
|2~H and Lemma l2~3l □ (Lemma P3|) 

Lemma 4.14 Suppose djj(A) < \. Then H + 1 ^ 2|A| -1 + 26. 

Proof: Since djj(A) < |, by (4) of Lemma l2~6l there are ^ x -< a ^ H such that A [a;, a] 
is a backward triangle from x to a and A(a, H) ~ Jj(-f[ — a). If x ~ and a ~ H, then the 
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lemma follows from Lemma 14.71 If a ~ H and x y 0, then the lemma follows from Lemma 
13.51 If x y and a -< H, then A(0, x) ~ \x. Hence the lemma follows from Lemma 1331 
because A[0, a] cannot be a full subset of a b.p. of difference 3. 
So we can now assume x ~ and a -< H. 

If d a+[ /(A) > i, then there is a z >- a such that A[a, z] is a forward triangle. If z ~ 
then the lemma follows from Lemma 14.81 If z -< H, then A[a, H] cannot be a full subset of 
a b.p. of difference 3 because A(z, H) ~ \{H — z). Hence the lemma follows from Lemma 

mn 

If ^ a +c/(^) < |) then there are a < z ~< z' H such that A(z',H) ~ — z') and 
4[z, z'] is a backward triangle. Note that A[0, z'\ contains two backward triangle, hence is 
not a full subset of a b.p. By Lemma 13.51 we have |j4[0,z'] + j4[0,z']| y 34(0, z'). Hence 
\2A\ y 3\A\ by Lemma EO 

Assume (^^(A) = h. Since A[0, a] is a backward triangle, we can assume there is a 
c ~ a in A such that A(c, c + 3) ^3. This implies (1) (A — c) n ?7 is not a subset of an a. p. 
of difference > 1 and (2) if (^4 — c) n U is a subset of a [/-unbounded 6. p. of difference d, 
then d = 3. 

Suppose (A — c) n J7 is a subset of a [/-unbounded b.p. of difference 3. By Case 14.12*1 1 
we have \A[c,H] + A[c,H]\ y 3A(c,H), which imply \2A\ y 3\A\. 

Suppose (A — c) Pi [/ is not a subset of a [/-unbounded 6. p. of difference 3. If for each 
x 1 y c in A, gcd(A[x', H] — x') > 1, then the lemma follows from Lemma 14.91 So we can 
assume that there is a x' y c such that gcd(^4[a; / , H] — x') = 1. Now the lemma follows from 
Lemma 12.21 Lemma 12.41 and Lemma 12.31 □(Lemma 14. 14(1 

Theorem 4.15 Let A C [0, H] be such that 0,H G A, gcd(vl) = 1, A is not a subset 
of a b.p., \A\ ^ \{H + 1), \A\ ~ iiT, and \2A\ = 3\A\ - 3 + b for < b ~ 0. T/ien 
fT + 1 < 2|A| -1 + 26. 

Proof: If d[/(^4) > i, then the theorem follows from Lemma 14.101 If du(A) < ^, then the 
theorem follows from Lemma 14.141 Suppose djj(A) = i. 

If A Pi [/ is a subset of an a. p. of difference > 1, then the theorem follows from Lemma 
14.131 If A fl U is a subset of a [/-unbounded b.p., then the theorem follows from Lemma 
14.121 So we can assume that A n U is neither a subset of an a. p. of difference > 1 nor a 
subset of a [/-unbounded b.p. Hence by Lemma 12.21 for every x y there exists a y E A 
with -< y H x such that (2 J 4)(0,2y) ^ 34(0, y). 
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If for any x y in A we have gcd(^4[rc, H] — x) > 1, then the theorem follows from 
Lemma 14.51 So we can assume that there is a x y in A such that gcd(A[x, H] — x) = 1. 
But by Lemma 12.41 we have \2A\ y 3|A|, which contradicts the assumption of the theorem. 
Now we finish the proof. □ ( Theorem 14 . 1 5|) . 

Remark 4.16 We already proved that Theorem \1.J\ follows from Theorem \l . 7| Now The- 
orem [T~7\ follows from Theorem M.cA. Theorem VJ.llA and Theorem \4-15\ 

5 A Corollary for Upper Asymptotic Density 

In this section we slightly improve the most important part of the main theorem in |Ji2j 
using Theorem 11.41 

For an infinite set A C N the upper asymptotic density of A is defined by 

j/a\ r A(0,n-1) 
d(A) = hmsup — — -. 

In this section we assume that E A and gcd(A) = 1. By Theorem I A. II it is not hard 

to prove that < d(A) < \ implies d(2A) In jJi2j the structure of A was 

l 

2 

2"*-*' " *'•" ' ""' 2" ; •■' ' -•• "\~- " •• 2 

some positive real number e. 



characterized when < d(A) < | and d(2A) = ^d(A). Next we improve this result by 
substituting the condition d(2A) = \d(A) with the condition \d{A) ^ d(2A) < ^d(A) for 



Corollary 5.1 Let < e ^ | be the real number in Theorem \l.J\ For every real number 5 
with ^ 5 < e, if < d(A) = a < 2 (i+s) an( ^ ^(2^4) = then either 

(a) there exist d ^ 4 and c E [l,d — 1] such that A C (d * N) U (c + (d * N)) and 
^ a < 4, or 



(28+3)d ^ " ^ d> 

(b) for every increasing sequence (h n : n E N) with lirm^oo = a, there exist two 

sequences ^ c n ^ b n ^ /i n swc/i t/iai A n [c n + 1, b n — 1] =0 /or each n E N ; 

i ■ c n + /i n — b n . 
iimsup ^ a(l + 0), 

and limsup — ^ . 

n^oo h n -b n 1 - a(l + 0) 

Proof: Let N be any hyperfinite integer and H = h^ be the term in the internal sequence 
{h n : n E *N) from (b). Without loss of generality we can assume H E *A. Let B = *A[0, H\. 
Then \B\ ~ ai? and |2S| r< (3 + ~ 3|5| - 3 + If B is a subset of an a.p. of 

length / ~ 2\B\ - 1 + 2tf|B|, then H + 1 < / ~ 2(1 + <5)a# -< fl", which is absurd. So 
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by Theorem 11.41 we conclude that B is a subset of a b.p. of difference d of length at most 
L ■< (1 + <5)|-B|. Now the proofs can be found in |Boj (with 5 = 2a — 3) that if d > 1, then 
BC(d*f)u (c+ (d* *N)) and (2( ^ 3)rf < a < §, and if d = 1, then there are ^ c ^ b ^ F 
such that A C [0,c] U [6,fl], 

c + il-fe^ a(l + S)H, 

and c -« -(H - b). 

~ 1 - a(l + 5) y ' 

Note that the first inequality is a trivial consequence of Theorem 11.41 and the second in- 
equality indicates that the interval [0,c] is much shorter than [b, H]. Since the arguments 
above are true for every hyperfinite integer N, then the corollary follows from the transfer 
principle. □ (Corollary I5.1j) 

Remark 5.2 (1) The result in ]Ji2j mentioned above is a special case of Corollarv \5. 1\ with 

5 = 0. 

(2) Corollary I5.il is very similar to the main theorem in \Bctf . The main theorem in 
[Bol allows all 5 < | instead of 5 < e in Corollary \5. 11 However, Corollarv \5.1\ allows, for 
example d(A) = a ^ | (note that | ^ 2(i+e) ^ 2(1+8) )> ^ ns ^ ea< ^ of a < olq for a small ao > 
in the main theorem in \Bctf . The reason for the difference is that the main theorem in \Bctf 
is a corollary of Theorem \A.51 while Corollarv \5.1\ is a corollary of Theorem \l.J\ It should be 
interesting to see whether one can prove Corollarv \5. 11 with the condition d(2A) < ^^d(A) 
replaced by d{2A) < ^d(A). In fact, this is a corollary of Coniecture \6.1\ 

6 Comments and a Conjecture 

The reader might notice that the proof of the case when \A\ -< \H is much more "nonstan- 
dard" than the proof of the case when \A\ ~ ^H, which is combinatorial. However, the 
proof of the latter is significantly simplified after the possibility of \A\ -< is eliminated. 

After reading all the proofs above, the reader should be able to see the crucial role that 
Lemma 12.21 plavs. In order to violate the condition \2A\ ~ 3\A\ one needs only to find a 
small segment A[a, b] of the set A, which already violates (2A)(2a, 2b) ~ 3A(a,b), as long 
as the rest of the A at each side of the segment is not too dense and is not a subset of 
an a. p. of difference > 1 (see the condition of Lemma 12.3(1 . So if A n U does not have 
expected structural properties such as du(A) > 5, djj(A) = 0, A n U is a subset of an a.p. 
of difference > 1, or An XJ is a subset of a [/-unbounded b.p., then the segment mentioned 
above is guaranteed by Lemma 12.21 Otherwise A must have one of some desired structural 
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properties in an interval [0, x\ for some x >- 0, which gives us a high standing ground to 
reach our final goal. When A[0,x] has these structural properties, the proof of the main 
theorems can be clearly divided into a few possible cases. 

Lemma 12.21 is inspired by Kneser's Theorem (cf. HR]) and uses the fact that U is an 
additive semigroup. This tool is not available in the standard setting, i.e. an initial segment 
of a finite interval cannot be closed under usual addition. This indicates that the use of 
nonstandard analysis in this paper is non-trivial. 

Although Theorem 11.41 is a significant advancement of the current results, it confirms 
only a weak version of Conjecture 11.11 It is interesting to see whether the ideas from 
nonstandard analysis can play a major role in the ultimate solution of Coniecture ll.il Many 
lemmas including Lemma 12.21 in this paper may be generalized. If these generalizations are 
achieved, then one can generalize Theorem 11.41 bv allowing \2A\ ^ a < ^§-\A\. I would like 
to state that as a conjecture. The conjecture stated below should be much easier to prove 
than proving Coniecture ll.il However, the solution of the following conjecture is useful for 
improving Corollary 15.11 and could be the last stepping stone to the ultimate solution of 
Coniecture ll.il 

Conjecture 6.1 For any real number a with 3 < a < 3 + g there exists a K £ N such that 
for every finite set A C N with \A\ > K, if 3\A\ - 3 s% \2A\ = 3\A\ - 3 + b < a\A\, then A 
is either a subset of an a. p. of length at most 2\A\ — 1 + 26 or a subset of a b.p. of length 
at most \A\ + b. 

A Appendix 

The following theorem is in |FrT] and in jNi p. 28]. 

Theorem A.l (G. A. Freiman) Let A be a finite set of integers and \A\ = k. If \2A\ = 
2k — 1 + b < 3k — 3, then A is a subset of an a. p. of length at most k + b. 

The following theorem is in jFrll iBi] 

Theorem A. 2 (G. A. Freiman) Let A be a finite set of integers and \A\ = k. If \2A\ = 
3k — 3, then A is either a subset of an a. p. of length at most 2k — 1 or a b.p. 

The following theorem is in |Frl| , 
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Theorem A.3 (G. A. Freiman) Let A C 1? be such that \A\ = k > 10. // \2A\ = 
3k — 3 + b for ^ b < ^k — 2 and A is not a subset of a straight line, then A is F2- 
isomorphic to a subset of {(0, 0), (1, 0), . . . , {l\ — 1, 0)} U {(0, 1), (1, 1), . . . , (I2 — 1, 1)} where 
h+h^k + b. 

The following theorem is in |Nal p. 118] and in |LS| . 

Theorem A. 4 (V. Lev & P. Y. Smeliansky) Let A and B be two finite set of non- 
negative integers such that £ A n B, \A\, \B\ > 1, gcd(A) = 1, m = max A, and n = 
max-B ^ m. If m = n, then \A + B\ ^ min{m + \B\, \A\ + 2\B\ — 3}. If m > n, then 
\A + B\^ mm{m + \B\, \A\ + 2\B\ - 2}. 

Note that Theorem IA.4I is trivially true when \B\ = 1. In this paper Theorem IA.4I is 
used in different variations. For example, we can replace the conditions of the theorem by 
|^4|, \B\ > 1, gcd(A — min^4) = 1, and m = max^4 — minvl ^ n = m&xB — mini?. We can 
also consider that both A and B are subsets of a. p. 's of difference d with the conditions 
\A\, \B\ > 1, gcd(^4 — minvl) = d, and m = ^(max^4 — min^4) ^ n = ^(max£> — mini?). 

The next theorem is Bilu's version of Freiman's famous theorem for the inverse problems 
about the addition of finite sets |Bil Theorem 1.2 and Theorem 1.3]. we state only this weak 
version in order to make the paper a little shorter. 

Theorem A. 5 (Y. Bilu & G. A. Freiman) Let a < 4, A be a finite subset of integers 
such that k = \A\ > 6, and \2A\ ^ ok. Then A is a subset of an F2 -progression P = 
P(xo; x\, X2', b\, 62) such that \P\ ^ c\k for some constant c\ and 62 < C2 for some constant 
C2- The constants ci,C2 are independent ofk. 

References 

[Bi] Y. Bilu, Structure of sets with small sumset, Asterisque 258 (1999), 77 — 108. 

[Bo] G. Bordes, Sum-sets of small upper density, Acta Arithmetica, to appear. 

[DLY] J. Deshouilers, B. Landreau, and A. Yudin (editors), Structure Theory of Set Addi- 
tion, Asterisque No. 258 (1999), Societe Mathematique de France, Paris. 

[Frl] G. A. Freiman, Foundations of a structural theory of set addition. Trans- 
lated from the Russian. Translations of Mathematical Monographs, Vol 37. American 
Mathematical Society, Providence, R. I., 1973 



GG 



[Fr2] G. A. Freiman, Structure theory of set addition. II. Results and problems. Paul Erdos 
and his mathematics, I (Budapest, 1999), 243-260, Bolyai Soc. Math. Stud., 11, Janos 
Bolyai Math. Soc, Budapest, 2002. 

[HR] H. Halberstam and K. F. Roth, Sequences, Oxford University Press, 1966 

[HP] Y. O. Hamidoune and A. Plagne, A generalization of Freiman's 3k — 3 theorem. Acta 
Arith. 103 (2002), no. 2, 147-156. 

[He] C. W. Henson, Foundations of nonstandard analysis-A gentle introduction to non- 
standard extension, in Nonstandard Analysis: Theory and Applications, ed. by 
N. J. Cutland, C. W. Henson, and L. Arkeryd, Kluwer Academic Publishers 1997. 

[Jil] R. Jin, Nonstandard methods for upper Banach density problems, The Journal of 
Number Theory, 91 (2001), 20—38. 

[Ji2] R. Jin, Solution to the inverse problem for upper asymptotic density, to appear. 

[LS] V. Lev and P. Y. Smeliansky, On addition of two distinct sets of integers, Acta Arith- 
metica, 70 (1995), No. 1, 85-91. 

[Li] T. Lindstrom, An invitation to nonstandard analysis, in Nonstandard Analysis and 
Its Application, ed. by N. Cutland, Cambridge University Press 1988. 

[Na] M. B. Nathanson, Additive Number Theory-Inverse Problems and the Geometry of 
Sumsets, Springer, 1996. 



67 



